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Abst rac t  

A two-dimensional a n a l y t i c a l  model of an MHD 
duct  with f i n i t e  e l ec t rodes  i s  de r ived .  The 
model, which i s  e f f i c i e n t  i n  terms of computer 
t ime, i s  used t o  s tudy some a s p e c t s  o f  vo l t age  
consol ida t ion  c i r c u i t s  f o r  Faraday gene ra to r s .  

I .  I n t roduc t ion  

~ o s a l  and ow en stein^ have proposed va r ious  
c i r c u i t s  f o r  conso l ida t ion  and c o n t r o l  of t h e  
power output o f  MHD gene ra to r s .  These c i r c u i t s  
a r e  equivalent  t o  t h e  one shown i n  Fig .  1: p  p a i r s  
of e l ec t rodes  a r e  in terconnected  v i a  Ha l l  compen- 
s a t i o n  vo l t age  sources and t h e  output  i s  f ed  t o  a 
s i n g l e  i n v e r t e r .  Power e i t h e r  flows from o r  t o  
t h e  var ious  Ha l l  compensation c i r c u i t s  depending 
on t h e  loca t ion  of t h e  i n v e r t e r  connect ions .  For 
t h e  connections shown i n  Fig.  1, power i s  suppl ied  
t o  a l l  t h e  c i r c u i t s  t o  enable  c u r r e n t  t o  flow t o  
t he  i n v e r t e r  aga ins t  t h e  Ha l l  p o t e n t i a l  g rad ien t .  
This power i s  der ived by r e c t i f y i n g  a  po r t i on  of 
t he  i n v e r t e r  output ,  so  t h a t  a  p a r t  o f  t h e  a c  
power i s  r e c i r c u l a t e d  through t h e  c i r c u i t s  def ined 
by t h e  V c ~ , j  and Vck,j compensation v o l t a g e s  
( c i r c u i t  "A" o f  Ref. 1) .  If t h e  i n v e r t e r  con-
nect ions  a r e  l oca t ed  i n  t h e  c e n t r e  o f  t h e  group, 
h a l f  of t h e  Vc.4,j and Vck, supply power and t h e  
o the r  h a l f  absorb power. It i s  then p o s s i b l e  t o  
in terconnect  t h e  compensation c i r c u i t s  so t h a t  no 
n e t t  power comes from t h e  i n v e r t e r  output  ( c i r c u i t  
l f B ' l  o f  Ref. 1; conf igu ra t ion  1 of Ref. 2) . Final -
ly ,  making connections t o  t h e  oppos i t e  ends o f  
t h e  group means t h a t  a l l  t h e  compensation c i r -
c u i t s  supply power t o  t h e  i n v e r t e r  ( c i r c u i t  'IF" 
of Ref. 1 ) .  I n  t h i s  work, t h e  a c t u a l  c i r c u i t  i m -
plementation i s  not  considered; c a l c u l a t i o n s  of 
t h e  power output ,  r e c i r c u l a t e d  power, e t c .  a r e  
made f o r  t h e  i d e a l i s e d  c i r c u i t  of Fig .  1. 

I n i t i a l l y  t h e  performance of Rosa's  consol i -
da t ion  c i r c u i t  "A" was analysed by coupl ing it 
wi th  a  simple equivalent  c i r c u i t  model f o r  each 
e l ec t rode  p a i r  (Fig.  2 ) .  In  Fig .  2 ,  Vhx i s  t h e  
Hall  vo l t age  developed a long t h e  channel by t h e  
cu r r en t  Iy flowing between t h e  e l ec t rodes ;  Vhy i s  
t h e  Hal l  vo l t age  produced by t h e  c u r r e n t  Ix flow-
ing along t h e  channel;  Rx and Ry a r e  average r e -
s i s t a n c e s  of t h e  duct ,  given by Rx = s/ohw and Ry 
= h/usw (h, channel h e i g h t ,  w, channel width,  s ,  
e l ec t rode  p i t c h ) ;  and Ug = uBh i s  t h e  vo l t age  
developed by f l u i d  v e l o c i t y  u i n  t h e  d u c t .  The 
combined c i r c u i t  was solved us ing  a  genera l  c i r -  
c u i t  a n a l y s i s  computer program. It was found 
t h a t  t h e  r e c i r c u l a t e d  power could c o n s t i t u t e  a  
l a rge  f r a c t i o n  (20% - 40%) o f  t h e  t o t a l  i n v e r t e r  
output .  3  

The equivalent  c i r c u i t  s imu la t ion  of t h e  MHD 
flow descr ibed above o f f e r s  only  an approximate 
so lu t ion .  I n  o rde r  t o  account more a c c u r a t e l y  
f o r  t h e  i n t e r a c t i o n  between e l e c t r o d e s  i n  t h e  
duc t ,  a s o l u t i o n  t o  Laplace ' s  Equation f o r  t h e  
cu r r en t  stream func t ion  (o r  p o t e n t i a l  e t c . )  i s  
requi red .4  This  equat ion  i s  o f t e n  solved 

numerically us ing a  g r i d  o f  p o i n t s  i n  t h e  p l ane  
normal t o  i n  t h e  duct .  However, f o r  t h e  p re -  
s e n t  app l i ca t ion ,  where we wish t o  f i n d  t h e  com-
bined V - I  c h a r a c t e r i s t i c s  o f  a group o f  e l ec -  
t rodes ,  such an approach would r equ i r e  a l a r g e  
amount o f  computer t ime. In s t ead  we have used 
an a n a l y t i c a l  method which i s  more convenient and 
more e f f i c i e n t  i n  terms o f  computer t ime.  

11. Mathematical Model 

Following Solbes and ~ o w e n s t e i n s ,  we consider  
t h e  two dimensional c u r r e n t  d i s t r i b u t i o n  i n  a  
l i n e a r  genera tor  with c o n s t a n t  he ight ,  uniform 
v e l o c i t y  and uniform e l e c t r i c a l  p rope r t i e s  (Fig .  
3 ) .  

The complex cu r r en t  p o t e n t i a l ,  2 ,  i s  def ined by 

where z = x + i y  and i = J-1 .  

For a f i n i t e  length  Faraday genera tor ,  Z i s  r e -  
l a t e d  t o  JA and Jk,  t h e  c u r r e n t  d e n s i t i e s  a t  t h e  
anode and cathode wa l l s ,  a s  follow^:^ 

J ~ ( x 8 ) cos [k(z-xl  + ih /2)1z = // dx ldk  
-m-m 2~rk s inh  (kh) 

(1) 
J k ( x f )  cos [k(z-x '  - i h / 2 ) ]  


-m-m 2~rk s i n h  (kh) dx '  dk 


where JA (x) = Jy (x, h/2) and Jk  (x) = Jy(x , -h /2) .  

The e l e c t r i c  p o t e n t i a l  6 i s  r e l a t e d  t o  Z by 

where u i s  t h e  conduc t iv i ty  and R i s  t h e  Hal l  
parameter.  

In t h e  r e a l  s i t u a t i o n ,  JA(x)  and Jk(x) a r e  not 
known : t h e  e l ec t rodes  a r e  spec i f i ed  a s  regions  
o f  constant  p o t e n t i a l .  Here t h e  problem i s  
s i m p l i f i e d  by assuming a uniform cu r ren t  flow 
over each e l ec t rode ,  and t h e  e l ec t rode  width used 
i n  c a l c u l a t i o n s  i s  reduced t o  account f o r  cu r r en t  
concentra t ion  due t o  t h e  Ha l l  e f f e c t .  We con-
s i d e r  a  uniform arrangement of e l ec t rodes  of 
width R and spacing s .  Current  - I A , ~  e n t e r s  t h e  
duc tun i fo rmlyove r  t h e  a r e a  of t he  n t h  anode, and 
cu r r en t  -Ik,., leaves  t h e  duct  uniformly over t h e  
a r e a  of t h e  n t h  cathode. Voltage d i f f e r e n c e s  
r e l evan t  t o  t h e  e x t e r n a l  c i r c u i t s  a r e :  

( i )  t h e  vo l t age  developed between cathode j and 

cathode j + 1, 


( i i )  t h e  vo l t age  developed between anode j and 
anode j  + 1, 
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and (iii) the voltage developed between anode j 

and cathode j, 


AV. = @ (sj, - h/2) - @ (sj, h/2). 
1 


Relations (1) and (2) can be combined to give ex- 

pressions for these voltages when there is only 

current flow Ik,o and IA,, from the electrodes at 


h

AV A,] . = -okw [(c2 - RC3)IA,o - CIIk,ol 

where "dk Icos (ksj) - cos [ks (j+l) 1kir(kR/2)C1 = r 
-W ~ h k l  sinh (kh) 


c2 = r dk {cos(ksj) - cos[ks(j+l) ]}sin(kk/2) 
-m ~ h k z  tanh (kh) 

dk [cosh(kh) -11 cos (ksj) sin(kk/2) c, = 
-m 
r ~ h k 2  sinh kh 

and w is the channel width. C1 - C5 were evalu- 

ated by contour integration, 

giving: 


cl = 6f j+'- 6f1j, C2 = 6f ''I- €if2j ,
1 2 

C3 = 6f3j*l- 6f3j, C, = 6f 1 j - 6f2j, (3) 

c = S f j 

5 3 '  

vt = (AVo-uBzh, AVA,o. ..AVA,m-2.AVk,o...AVk,m- 2 ) ,  

where 2m is the total number of electrodes. Then 

Eqs.(3) can be used to calculate the elements of 

a 2m-1 x 2m matrix A which relates I and V: 


h
V = - A1
oRw 


To complete the solution, the Faraday generator 

requirement that 


must be used. If 1' is a vector of length 2m-1 
generated by deleting any element of I, one can 
write I = F I ~where F is a 2m x 2m-1 matrix which 
can readily be found from Eq. (4). It follows 
that 

where AF is a 2m-1 x 2m-1 "transresistance matrix", 
depending only on s, h, R and 8, which defines 
the behaviour of the duct in an external circuit. 
A polynomial approximation was used for computer 
evaluation of the function d(y) [Eqs.(3)]. For 
a duct with 2m electrodes, this polynomial is 
evaluated 2m times to determine all elements of 
AF; thus computing time is short. 

111. Application to Voltage Consolidation Circuits 


For the consolidation circuit under consider- 

ation (Fig.l), there are 2p electrode currents 

in each consolidated group, and initially all 


k 

= (-1 f 

9 

2sk+R 

2h 


2sk-R 
 groups are taken to be identical. In this case 

where 6f 
 - f the general procedure described in the previous 
9 9 

section is followed except that, in calculating 

the contribution to a given voltage difference 

from a given electrode current, contributions 

from the same current in all groups must be 

summed. The duct is taken to be infinite in that 

contributions from distant groups are added until 

they become negligible. The result of the cal- 

culation is a 2p-1 x 2p-1 transresistance matrix 

for a consolidated group, relating the electrode 

current vector 11 (with 2p-1 elements) to the 

voltage vector V. 


The power output of a consolidated group can 

be written 


where the vectors V and I are defined by 


Ic
t 

= (....IcA,j....,.... Ick, j.- . . ,Io) 
and 

v = (....VCA, ....,.. . . Vck,j" ..,Vo-uBZh), 

and the IcA,~ and Ick j are the currents flowing 
in the Hall compensat:on circuits. Ic and Vc are 
linearly related to 11 and V; using the trans- 
resistance matrix, matrices S1 and S2 can be 
found such that Ic = ~ ~ 1 1 .slll and Vc = Defining 
a normalised current vector by R=-11/I0, we find 

for q = 1,2,3, and -

6with the dilogarithm function , 

d(y) = antdt.t-1 

5 7Both Solbes and Lowenstein and Kuo et a1 have 


calculated the voltages produced by delta function 

current sources at the channel walls; however, 

their results differ. If we take the correspond- 

ing limit of the present result, we find agree- 

ment with the Solbes and Lowenstein expression. 


Since a current distribution rather than a 

potential distribution has been specified at the 

electrode surfaces, the entire solution can be 

obtained by superposition. To find the voltage 

produced by electrode currents Ik,n and IA at 

position j, j is replaced by j-n in Eqs. (5) . The 
voltageswhen all electrode currents are present 
are then found by summing the contributions from 

each electrode current. The electrode currents 

can be arranged in a linear array I, and the 

voltages in an array V, as follows: 


SEAM #19 (1981), Session: Electrical Components

https://edx.netl.doe.gov/dataset/seam-19


The e l e c t r i c a l  eff ic iency qe i s  given by 

Eliminating I between Eqs.(5) and ( 6 ) ,  

This resu l t  shows t h e  usual dependence of Ptot  
on qe, as well a s  a term giving t h e  dependence 
on the  current arrangement i n  a consolidated 
group. 

The term RtSltS2R i n  Eq. (7) i s  quadratic i n  
the current ra t ios ,  r ~ ,j=-IA j / I o  and rk,  j=-Ik,  j /  
I,, and can be minimised a n a i y t i c a l l y  by solving 
the  s e t  of equations 

together with- 

The outcome of t h i s  minimisation i s  t h a t ,  fo r  the 
uniform arrangement of e lectrodes considered, the 
optimum value of Ptot/ne(l-ne) always occurs when 
the electrode currentsare equal. This r e s u l t  
r e f l e c t s  the fac t  t h a t  the  external  c i r c u i t  here 
(Fig. 1) contains no d i ss ipa t ive  elements, and a 
unlform current d i s t r ibu t ion  minimises losses  in  
the internal  resis tance of t h e  duct.  

In the uniform current case, the  r a t i o  F of 
t h e  t o t a l  power handling capacity of the  consoli- 
dation elements t o  t h e  power generated P t o t  is  
given by 

where AVx is  the  Hall vol tage between electrodes,  
VY i s  the Faraday voltage, and 0 depends on t h e  
c l r c u i t  configuration a s  follows: 

( i )  For connections made a t  opposite ends of the 
groupl (Fig. I), 

2( i i )  For connections made i n  the centre ,  

The effect ive Hall parameter i n  a duct with 

f i n i t e  electrodes i s  given approximately by8 


Using t h i s  value t o  ca lcu la te  AVx i n  Eq.18) and 
the  re la t ion  Ptot=-IoVy together  with Eq.(6) to  
eliminate Vy, we f ind 

Equation (9) expresses t h e  l e n g t h  of d u c t  con-
sol idated (normalised t o  t h e  duct  h e i g h t )  i n  
tw.ms of F and qe. For s / h  << 1, "e = 0.75 and 

6 = 3, ps/h FIB,so t h a t  c o n s o l i d a t i o n  can only 
extend over a length equal t o  a s m a l l  f rac t ion  of 
the  channel height if t h e  r e c i r c u l a t e d  power is 
t o  remain a small f r a c t i o n  o f  t h e  power output. 
Figure 4 shows the number of  e l e c t r o d e  pairs p
which can be consol idated as a f u n c t i o n  of S/h 
f o r  various values of F and ne. F o r  F i e .  4 ,  8=3 
and 8=0.5. 

IV. Faul ts  i n  Voltage c o n s o l i d a t i o n  C i r c u i t s  

The model described a b o v e  can a l s o  b e  used to 
invest igate  s i tua t ions  i n  w h i c h  o n e  consol idated 
group of electrodes i n  a duct  is affectedby a 
f a u l t .  One of the  s i m p l e s t  cases w h i c h  can 
be Considered i s  the f a i l u r e  o f  o n e  e l e c t r o d e  i n  
a group t o  conduct a c u r r e n t .  W e  h a v e  used the 
techniques described i n  t h e  prevlous s e c t i o n  t o  
calculate  the  current  a r r a n g e m e n t  i n  t h e  remain- 
ing electrodes of t h e  f a u l t y  g r o u p  which gives 
maximum power output. I n  m a k i n g  t h e  ca lcu la t ion  
the  e f fec t  of t h i s  c u r r e n t  a r r a n g e m e n t  on the 
power output of a l l  groups was t a k e n  i n t o  account. 
The constraint  imposed by r e q u i r i n g  o n e  current 
t o  be fixed a t  zero was h a n d l e d  i n  a s i m i l a r  way 
t o  t h e  constraint  of ~ q .  ( 4 ) .  

Table 1 shows the optimum c u r r e n t  d i s t r i b u t i o n  
and Table 2, the i n t e r e l e c t r o d e  v o l t a g e  d i s t r i -  
bution, f o r  a group of 7 e l e c t r o d e  p a i r s  with 
anode 5 faul ty.  Condit ions f o r  T a b l e s  1 and 2 
a re  s /h = 0.04, 8=3, qe=0.5 a n d  R/s=O. l ;  the  
currents  and voltages a r e  n o r m a l i s e d  t o  t h e i r  
values i n  a uniform d i s t r i b u t i o n .  The power loss 
i n  t h i s  s i tua t ion  i s  only 5 .9% of t h e  power out- 
put per e lectrode p a i r  i n  t h e  u n i f o r m  c a s e ;  how- 
ever, Table 2 shows an i n c r e a s e  o f  20% i n  the 
voltage between anodes 6 a n d  7 .  S u c h  a n  increase 
i s  undesirable from t h e  p o i n t  o f  v i e w  o f  in te r -  
e lectrode breakdown. T a b l e  3 s h o w s  a simpler 
arrangement of e lectrode c u r r e n t s  which  leads t o  
the  voltage d i s t r i b u t i o n  g i v e n  i n  T a b l e  4. In 
t h i s  case the  maximum i n t e r e l e c t r o d e  vo l tage  i s  
increased by 7% and the  p o w e r  loss  is 16%of the 
power output per e lec t rode  p a i r .  

V. Concluding R e m a r k s  

In  t h i s  paper, we have a p p l i e d  an a n a l y t i c a l  
model of MHD ducts t o  a v e r y  b a s i c  s t u d y  of con-
sol idat ion c i r c u i t s  f o r  F a r a d a y  g e n e r a t o r s .  In 
using the model, we have n e g l e c t e d  boundary layer 
phenomena involving v e l o c i t y  a n d  c o n d u c t i v i t y  
gradients, a r c  spot f o r m a t i o n ,  w a l l  conduction, 
and current concentration o n  e l e c t r o d e  edges due 
t o  t h e  Hall effect .  Vary ing  c u r r e n t  d e n s i t y  
across an electrode can b e  a l l o w e d  f o r  by replac- 
ing each electrode with a n u m b e r  of t h i n  s t r i p  
electrodes connected t o  t h e  s a m e  p o t e n t i a l .  The 
o ther  e f fec t s ,  which a r e  l o c a l i s e d  n e a r  the elec- 
t rodes o r  the  wall, can be m o d e l l e d  b y  d i sc re te  
e l e c t r i c a l  components e x t e r n a l  t o  t h e  d u c t .  Our 
fu ture  research plans i n c l u d e  i m p r o v i n g  the  duct 
model i n  t h i s  way and i n v e s t i g a t i n g  t h e  behaviour 
of r e a l  consolidation c i r c u i t s  in. t h e  presence 
of non-linear electrode arc ~ h a r a c t e r i ~ tics  and 

under f a u l t  conditions. 
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Table 1. Current distribution for maximum output Table 2. Interelectrode voltage distribution for 

power in a consolidated group with anode 5 faulty currents of Table 1. 


Table 3. Possible current distribution in con- Table 4. Interelectrode voltage distribution for 

solidated group with anode 5 faulty. currents of Table 3. 
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Figure 1. Idealised consolidation circuit. 
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-
-s 	 'A," 

Figure 3. 	Model geometry. 


Figure 2. 	 Equivalent circuit of a single 
pair of MHD generator electrodes. 

Figure 4. No. of electrode pairs which can 

be consolidated as a function of s/h. For 

curves a,b,c, F = 0.1 and ne = 0.8, 0.75, 

0.7 respectively. For curves d,e,f, F = 
0.05 and ne = 0.8, 0.75, 0.7 respectively. 

0 = 0.5 and B = 3 for all curves. 
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