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In a continuing effort to predict the size of the arcs on the electrodes of an MHD 
generator (Ref. 1), a one-dimensional model of an arc column is analyzed; this model 
has the advantage of being describable by an ordinary second order differential equa­
tion for which analytic solutions are readily obtained.

Consider a strip of gas of width Z flowing in the x direction (Fig.l): Z is taken to
be the width of the arc column (defined as the region in which the electrical conduc­
tivity is about 1000 mho/m). The one-dimensional enthalpy equation for such a strip 
is

pu dh
dx dx K d^ /cP^ = Q (1)

where Q represents the net enthalpy source per unit volume. Joule heating contri­
butes a term aE2 to Q. It is assumed that a = 1000 mho/m within the column and a =
0 elsewhere; i.e. this term exists between x = 0 and x = X0 for a column of depth X0 
positioned with its leading edge at x = 0. Conduction perpendicular to the flow is 
modeled by a loss term

CpZ
-2(h - hoo)

2K S^puCp

where hoo is the enthalpy far from the column; the parenthetic factor in the denomi­
nator represents a thermal resistance over half the strip width in series with a film

1 = and
'P

coefficient at the strip edge. It is convenient to introduce the length 1 =
the nondimensional variables 

t _h_
hoo

C = gx 
So ~ 9X0 gz /1 + T

aaE
&p‘u‘CpK

The enthalpy equation then becomes (assuming constant molecular properties)

(1-t) + a = 0 0 < £ <d2t dt , 4
d52 ‘ df + ^

d2t dt , 4
d52 ‘ d T + ^

(2)
(1-t) = 0  l < 0

The boundary conditions are: t = 1 at £ = -°° and t = R at both E, = 0 and E, = E,Q where 
R = hg/h^, ha being the enthalpy at which a =■ 1000 mho/m.

The solution of this equation is in the form

t = C ^ i S  + C2eX2S

where

1 ,2 s(l ± /l + (4/n)2)
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Fitting the boundary conditions yields a transendental equation for 50:

rR i + ,lcAlC° - eX^ °  + 1-R +lr-' + 4(x;-\2)Je 4(X;-X2)
an' (3)

The model is completed with the assumption that for a fixed current, the arc will adjust 
its dimensions to minimize the electric field, or what is the same thing, that for a 
fixed electric field the current will be an extremum. Since the arc current

* = °a ^a Xo

this condition becomes (with = ?Q(a,Z) from (3))

^ ( zEo> ' 0 •
A necessary condition for the existence of a solution of (3) with ?0 > 0 is that the 
coefficient of ex î o be negative; i.e.

_ 4(R-1)(X, !_Xa) .
V r

This is equivalent to a lower bound on the electric field.

(5)

2 > 8Ahp2u2cp
a ^ ok

✓T + MVnl
q2(/l + (47n)7' - 1)

where (K-1) ho - ha - hm - Ah.

It can be shown that as Ea approaches this lower limit, subject to condition (5), n 
must increase so that the term in brackets approaches its minimum value of 1/8, and E 
can indeed approach an absolute limit

Ea > En = pu O K
(6 )

A study of equation (3) in the opposite limit a -*■ q 0 (but aq2 - 0(1)) yields

s = -n. in (1 _ M±|)) .
^o 2 aq

Since as q 0, gZ ^Stq2, condition (5) becomes

d r 11 8(R-1) \ _ n
dn [n ln 0  ' ^ ? ' )] ‘ 0

i „ ( iv CLT\

_L
l an . 1 " 8 (R -1 )

or

or

= 14.9928; 0.381344q hence

Ea = 3.327/puS^" (7 )

This is the result of Reference 1 (where St = 0.181; a value of this magnitude being 
reasonable for flow past an object as small as an arc column). It is now clear, however, 
that this result is only for small arcs. As the arc current increases, the column diameter
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increases. Eventually the resistance to heat flow inside the column becomes larger 
than the resistance outside, i.e. the Biot number of the column becomes larger than 
one. This forces the enthalpy at the center of the column to rise significantly 
relative to that at the edge. To provide this additional energy input, the field 
must rise relative to the field of a constant enthalpy column. The net result is a 
field that becomes constant above a certain current, which is consistent with what is 
commonly observed in arcs.

Figure 2 is a plot of the numerical solution of Equations (3) and (5). The dotted 
curve is the expression

Ea = pu/cjp; + 3.327/S^pu(^-),‘r Js = E0 + ^  (8)

obtained simply by adding (6) and (7). This simple expression clearly exhibits the 
essential features of the exact solution (of this inexact model) and is adopted in the 
ensuing calculations in this paper.

The arc current and column length are determined by assuming that the total cross 
channel voltage is a minimum. Two minor departures from the treatment of Reference 1 
have been made. A slight refinement in the treatment of the outer portion of the 
boundary layer is introduced by limiting the mixing length to 0.0856 and by reducing 
the shear and heat transfer by the factor l-(y/6)\ Because the geometry of the 
"spreading region" is not well understood, two parameters were introduced to permit 
modeling of various geometries. It is assumed that in this region, the area of the 
spreading current plume can be represented by

A = <f>y2P
2tt ,, „ „w R ,2(1-P) ,p (1-COS0)(— ? ) v r (9)

where y is the distance from some effective plume origin inside but very near the top 
of the arc column. R is the effective column radius and 0 is the half angle of the 
plume at the top of the column. (The earlier "hemispherical" spreading is recovered 
with p=l, 0=tt/2.) Matching this area to the area of the column and assuming as before 
that most of the voltage drop occurs in a distance comparable to the column dimensions,
the spreading voltage becomes

Vs =
(1 1±H)a 2p ''

(2p-l-n)(<f>) 2p a0x0nutr

x
Eaj

l±n
2p cE I

a E‘ CU

1+n

(10)

(where a0, t 0 and n model the 3 body recombination ionization relaxation introduced in 
Reference 2). The condition that the total voltage be stationary with respect to I and 
column height yt becomes

1+n

B2Jc
< o > + a leak

yt r i ) 2P 1 +n
bdy = c

0 kJ P

1+n

(1+ 82) Jr + + f I] 2p

Fcat l haj

-

: dc
’ adyt (1 -

1+n, dEa -) c— a2p dyt = 0 (ID

In solving these equations, the variation in all parameters except Uj., ot and k through 
the boundary layer are neglected. The velocity comes directly from the boundary layer 
theory; k (equation 8, etc.) is taken to be the effective molecular plus turbulent 
thermal conductivity
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K K°(1 + eM* ( 12)

where < is the molecular conductivity at the mean boundary layer conditions. The 
temperature is determined by integrating

dT _ q _ qn(l - (y/t)') (13)
dy k k

to yield the electrical conductivity

o z = 1 .7 8 (1 0 6)e " 30220/T . (14)

Figure 3 summarizes the results. The steep portion of the solid curves are consistent 
with Reference 1 and the data discussed therein. The introduction of a minimum arc E0 
somewhat slows the growth of arc current with core current density as opposed to the 
prediction of the simpler model. However the most striking change, namely the reduc­
tion in slope at high current, is due to the assumption of a constant mixing length in 
the outer portion of the boundary layer. This well illustrates the dominant role that 
the characteristics of the boundary layer play in determining the characteristics of 
the arc.

Figures 2 and 3 are calculated assuming hemispherical spreading (0 = 90° and P = 2).
As a matter of general interest, Figure 4 indicates how the results would change for 
different choices of spreading geometry. The change is significant. However, the 
original choice together with the assumed relation for spreading conductivity seems to 
give good agreement with experiment, limited though the experimental data be.

If one attempts to find a solution to Equation (2) for the region behind the column, 
one finds that the enthalpy must drop to the ambient enthalpy, ho,, in a distance compa­
rable to the dimensions of the arc. This implies that the existence of a stationary 
arc column in a high velocity fluid stream requires the existence of a powerful mecha­
nism for removing heat from the back side of the column. A possible mechanism is turbu­
lent mixing between the steam of arc-heated gas and the ambient fluid stream as illus­
trated in Figure 5. The interface between streams having different velocity tends to 
become unstable at a low Reynolds number, especially if the turbulence level of the 
surrounding fluid is high. Experiments described in Reference 3 suggest the importance 
of turbulent mixing for the maintenance of a steady arc column.
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Figure 2. E-1 ch a ra c te r is t ic  o f  an arc.

Solid curve: exact so lu t ion  o f Equations 3 and 5.
Dashed curve: Equation 8.
Dash-Dot curve: Aspect ra t io  o f column section.
Parameters: p = 0.14 kg/m3 u = 414 m/s a = 1000 mho/m

Cp = 1700 j/kgK h = 4.8(106) j /k g  k = 8W/mK
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Figure 3 Arc current vs. core Faraday 
current density fo r  two values 
o f boundary layer thickness.

Figure 5. A tu rbu len t mixing mechanism 
fo r  f ix in g  the pos it ion  o f  an 
arc column.
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