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~esTRACT 
Mathematical models for the design of the linear channel 
of an MHD generator, are described. By means of a 
quasi-one-dimensional optimization model the main design 
arameters of the channel, are calculated. The local 

renomena effects are analyzed through a steady state 
two-dimensional model. This model is based on the 
description both of the fluid dynamic and of the elec
troidynamic in the plane containing the channel axis and 
normal to the magnetic induction. The transients caused 
by variations of the loading and by faults, are studied 
by means of a time dependent quasi-one-dimensional ~odel. 

NOMENCLATURE 

t A channel cross section 
B module of the magnetic induction vector 
B magnetic induction vector 
E electric field vector 

axial component of the electric field vector 
transversal component of the electric field vector 
cost functional 
constraint expressions 
static enthalpy 
current density vector 
axial component of the current density vector 
transversal component of the current density vector -
turbulent kinetic energy 
static pressure 
wet perimeter of the channel cross section 
turbulent Prandtl number 
thermal flux at the wall 
time 
static temperature 
gas velocity in the axial direction 
gas velocity In the transversal direction 
vector of the unknown of the optimization problem 
axial coordinate (coordinate of the axis of the 
channel) 
transversal coordinate (coordinate perpendicular to 
the plain containing B and the axis of the channel) 
Hall parameter 
specific heat ratio 
turbulence dissipation rate 
thermal conductivity 
dynamic viscosity (laminar) 
eddy viscosity 
kinematic viscosity 
mass density 
electrical conductivity 
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-c.., shear stress at the wall 
4> electric potential 

1. INTRODUCTION 

The procedure for the design of a linear MHD channel of 
industrial size, has been one of the main goals of the MHD 
activities at the Istituto di Elettrotecnica of the University 
of Bologna during the last years. In order to do this, 
one- and two-dimensional models have been developed. 
The aim of the present paper is to describe the mathematical 
design procedure. Some typical results obtained for the 
design of an OCMHD generator channel of industrial size, 
are presented. 

The design procedure approach is based on the three 
following steps: 

definition of the main channel design parameters by 
means of an optimization model based on a 
quasi-one-dimensional description of the plasma flow 
through the channel; 
determination of the operating characteristics of the 
end regions, of the boundary layer regions, and of 
the power extraction regions. In order to do this, a 
two dimensional analysis of the steady state operation 
can be utilized; 
determination of the electrical, thermal and mechanical 
stresses during transients and during the occurrence 
of faults. This can be obtained through a 
quasi-one-dimensional time dependent analysis. 

The mathematical models which allow to perform this 
scheme, are described in this paper. 

The model for the optimization of the channel design, 
which utilizes a quasi-one-dimensional approximation for 
the description of the magnetofluid-dynamic process in 
the channel, is based on a constrained optimization 
t.echnique1. The channel design parameters are chosen 
with the purpose to maximize the electrical power generated 
by the MHD generator. Physical and technological 
requirements are considered. Boundary layer and non
uniformity effects are taken into account. 

The two-dimensional steady state MHD model must consider 
both the fluid dynamic and the e.lectrodynamic phenomena 
in the channel. The fluid dynamic MHD model is based ori 
the two-dimensional steady compressible form of 
Navier-Stokes conservation equations. The. problem is 
solved in the x-y plane (the x-axis Is the channel axis 
and the y-axis is the axis perpendicular to the plane 
containing the channel axis and the magnetic field 
direction). For the solution of the partial differential 
equations, the Patankar-Spaiding SIMPLE (semi-implicit 
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pressure linked equations) procedure2 has been utilized. 
The electrodynamic two dimensional description is obtained 
from the Faraday law, the conservation of the electical 
charge and the Ohm's law. A partial differential equation 
system Is obtained and solved through a finite difference 
technique. 

For the solution of the quasi-one-dimensional time 
dependent description a new computational approach has 
been adopted. The compressible flow equations for a linear 
channel are considered. The resulting system of hyperbolic 
partial differential equations is discretized by means of 
a semi-implicit finite difference method3,4. The stability of 
the method does not depend on the speed of sound. The 
pressure gradient in the momentum equation and the 
velocity divergence In the energy equation are discretized 
Implicitly. The convective and viscous terms of these 
equations are discretized explicitly. The mass continuity 
equation Is discretized by means of a conservative scheme. 
Thus stability and physical meaning of the solution are 
assured. 

The proposed scheme has been utilized for the design 
calculations of a linear channel of industrial size. A thermal 
power of 230 MW is obtained by a gas fired combustor. 
A two load diagonal connection is adopted. 

2. CHANNEL OPTIMIZATION 

In order to define the main design parameters, as channel 
geometry, electrical configuration, inlet gas pressure and 
inlet gas velocity, an optimization technique is utilized. 

The description of the MHD conversion process in a linear 
channel is based on a quasi-one-dimensional approximation. 
Boundary layer effects on the fluid dynamic are taken 
into account through integral coefficients Introduced into 
the conservation equations of mass, momentum and energy 
of the gasM. The wall effect in the electrodynamic is 
considered by means of Rosa's G factor7. The combustion 
gas plasma Is considered to be in chemical equilibrium. 
The equation of state is afforded by spline fits of the 
thermodinamic properties which are obtained through a 
free energy minimization techniques. The microscopic 
values of the electrical conductivity and the Hall parameter 
are obtained through the chemical equilibrium composition 
of the gas and by means of the formulation of Ref. 9. 

The constrained optimization technique described in Ref. 
1, is utilized. Physical and technological constraints are 
taken into account by the solution of the problem. The 
optimization criterium is based on the maximization of the 
electrical power output10, By means of a finite element 
method the expression of the conservation equations are 
reduced to a set of algebraic equations which have the 
form of constraints. The optimization problem is: 

maximize F(\V) (1) 

{
g(w)=O 

subject to g'(w)5:0 (2) 

The cost functional F is the expression of the quantity 
which has to be maximized. The algebraic equations 
obtained from the conservation equations, the elec
trodynamic equations and the constraints given by 
equalities are expressed by ct(w) - o. The constraints 
expressed by ine·qualities are given by c;r'(w):SO, The 
vector w contains the unknowns of the problem. The 
constrained optimization problem is solved by means of 
a quasi-Newton method11 In connection with a multiplier 
method 12, By means of the optimization model desribed 
above, the gas dynamic and the electrodynamic quantities 
along the channel are chosen when maximizing the 
functional F and when considering the constraints. The 
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channel geometry and the electrical configuration are also 
determined. 

Table t. Inputs of the optimization procedure 

Mass flow rate 
Thermal power input 
Fuel: 
Oxidant: enriched air 
- preheating temperature 
- oxlgen content 
Seeding: K.COa 
- weight content 

combustion chamber temperature 
Pick magnetic induction 
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Fig. 1 Magnetic induction distribution along the chan
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Th.is procedure has been utflized for the design paramete~r 
of a two load diagonal connected channel, The in~uts·on 
the design problem are reported in table 1. The distnbutiwn 
of the magnetic induction in the axial direction is shone! 
in Fig. 1. The flow is assumed to be supersonic. A chan Js 
with a square cross section and a constant divergen~e tfc 
taken. The constraints considered are: outlet 5 8

58
1 

pressure greater than 0.75 bar, axial and transver 
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onent of the electric field respectively lower than 3 
rnP and 4 kV /m, transversal component of the current 
/rT1

1
tY lower than 10 kA/m2

, Mach number greater than 
s channel legnth In the range between 6 and 10 m. 

:
01

'r11aln results of the optimization procedure are reported 
n8 ble 2. The distributions of the load current and of 

tavoltage along the channel are shown in Fig. 2. The 
8 es of load current refer to the total load current 
ll.llng through the channel. Hence in the first part of 
\'I 1ot 2040 A refer to the current flowing through the 
/connecting the terminal at the channel entrance to 
terminal at the channel exit, the remanlng 570 A flow 

8
0
ugh the load connecting the terminal at the entrance 

~he terminal in the middle of the channel. The stagnation 
assure and the gas valocity distributions along the 
annel are plotted In Fig. 3. 

able 2. Optimized design parameters 

channel volume 1.75 mJ 
Active length 6.88 m 
Inlet cross section 0.1332 m2 

outlet cross section 0.3994 m2 

Inlet Mach number 1.45 
Inlet gas pressure 1.92 bar 
equipotential angle 58.7 deg. 
Electrical Power 31.4 MW 
Electrical power density 17.9 MW/m3 

wall heat losses 7.24 MW 
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Stagnation pressure and gas va/ocity distribu
tions along the channel 

TWO-DIMENSIONAL CALCULATIONS 

two-dimensional steady state MHD model consists of 
fluid dynamic part and of an electrodynamic part, which 

the gasdynamic and electrodynamic properties of 
"H Plasma In the x-y plane containing the axis of the 
'"1 D duct. 

{he two-dimensional steady state fluid dynamic MHD model 
f~ based on the two-dimensional steady state compressible 
p(m of Navier-Stokes conservation equations in the x-y 

c1ne. These equations are obtained from the three-di
Of ~lonal time-dependent conservation equations by means 
fo e Reynolds time-averaging procedure. When assuming 
t{ the MHO channel partially parabolic flow conditions2.13, 

e conservation equations assume the following form14: 

o(pu) + o(pu) = 
0 ox oy (3) 
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OU OU op o[ OU] pu-+pu-Q--+- (µ+µ,)- +J B 
ax ay a:.: ay ay y 

(4) 

ou ou op o [ au J pu-+pu----+- 2(µ+µ)- -J B 
ox oy oy ay ' ay " 

(5) 

puoh+pu°h-uoP ... /P ... ~(r-oT ... .!:!.oh)+ 
ox oy o.,c oy oy ay Pr,oy 

+J (E -uB)- aB
2 [!:.!(ou ... au)] 

y y 1+13 2 p ox ay 
(6) 

The eddy viscosity has been derived by means of the 
Launder-Jones k-epsilon two equation turbulence model15. 
In order to account for the boundary layers, the k-epsilon 
model version extended to low Reynolds numbers, has 
been adopted H, As a result, the equations of the turbulence 
model assume the following form: · 

p U ok + p U ok = ~[( ..!::!._ + µ) ok J + µ [2( OU )
2 

+ l" OU )
2 'J-

ax oy oy Pr. oy ' oy oy 

{[ o(k112)]2 [o<k1,2)]2} 
-pE-2µ --- + -,--

OX oy 
(7) 

p U OE + p 1/E • ~[(..!:!..+µ)OE J + C 1 µ [ 2 ( ou )
2 

+ ( ou )
2

] ! _ 
ax . ay ay Pr, oy ' ay ay k 

where: 

€2 (a2u 02li)2 
-C p-+2vµ -+-

2 k I cy2 iJy2 

C~ - C~.exp[-2.S/(l +·Re,/50)) 

Re,-k 2 /(vE) 

C 2 ~ C2 .[l-0.3exp(-Re~)] 

and Pr•, Pr,, c 1 , c 2., C ~- are numerical constants. 

(8) . 

For the solution of the partial differential equations given 
by eq.s 3-8, the semi-implicit-pressure-linked-equation 
algorithm (SIMPLE) of Patankar-Spalding1a,2 has been 
utilized. According to this algorithm, the computational 
domain Is divided into a number of non-overlapping control 
volumes. Each control volume surrounds a grid point. The 
differential equations are Integrated inside this volume 
element. The velocities are calculated at the control volume 
boundary, the gas pressure and temperature are derived 
at the grid point. A staggered grid, obtained in this way, 
avoids solutions without physical meanings, simplifies the 
form of the discretized equations and improves the rate 
of convergence. 

The convection and diffusion terms in the equations are 
discretized using the power law scheme 2, which is very 
close to the exact solution. This leads to considerable 
computational time saving. The linear algebraic system 
derived from the discretization of each equation yields a 
tridiagonal coefficient matrix, and can be solved with a 
tri-diagonal matrix algorithm (TOMA). 

The two-dimensional steady electrodynamic MHD model is 
based on Maxwell's equations and on Ohm's law. In the 
two-dimensional steady state formulation these equations 
can be written respectively as follows: 

oit> 
E =--

x ox' 
E = _oil> 

y oy (9) 
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Fig. 4 Adimensional axial velocity profiles along the 
y-direction at different locations of the channel 

( 10) 

<J 
J ---[(E +uB)-l3(E -uB)] 

" I + 13 2 " y 
( 11) 

<J 
J - --[13(£ + uB) + (E - uB)] 

y 1+(32 " y 
( 12) 

From eq.s 9 through 12 a partial differential equation of 
the elliptic type in the unknown 4> (the electric potential), 
is obtained. This equation has the following expression 

024> + 02¢ + 

ox 2 oy 2 

13{/Jin(i :
13

131)]:t }Jin( 1 :~2)]:!} 
_ l + 13 2{~[o(l3u + u)B ]- .!..[o(u -l3u)B ]}- 0 a ax 1+132 ay 1+132 (13) 

The boundary conditions adopted for the solution of eq. 
13, are: the potential on the electrodes is constant, the 
component of current density normal to the insulator 
surface is equal to zero. 
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Fig. 5 Adimensional transversal velocity profiles along 
the y-direction at different locations of the channel 

An application of the two dimensional steady state model 
for the channel of Section 2 is reported. The two 
dimensional fluid dynamic model is utilized when con
sidering the electrodynamic resufting from a quasi-one
dimensional calculation. In Fig. 4 the adimensional axial 
velocity profiles along the y-direction at different 
locations of the channel are shown. Starting with a flat 
profile at the entrance of the duct, a significant distorslon 
In the profile simmetry arises. This is due to the presence 
of a positive Jx which causes a significant negative 
transverse velocity component as Fig.5 shows. conse
quently the axial velocity is higher near the cathode wal.1 

than near the anode wall. Moreover the boundary layer 
at the cathode is much thinner than at the anode. Th~ 
profile simmetry distorsion increases along the channf 
as long as the axial component of the current densitY s 
high. It slightly decreases when Jx becomes smaller than 
1000 A/m 2

• 

In Fig. 6 the adimensional temperature profiles alon9 the 
y-coordinate at different locations of the chan~el ~r 0 
presented. The temperature profile simmetry 1s a.~ 
distorted as a consequence of the distortion of the veloCI '/ 
profile. 
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/g, 6 Adimensional temperature profiles along the 
y-coordinate at different locations of the channel 

quasl-onedimensional time dependent model of the MHD 
ressible flow Inside the channel has been derived. 
conservation equations for mass, momentum and 

gy assume a partial differential equation form given 

op a pudA 
-+-(pu) = --
at ax A dx 

op op au udA 
-+u---yp--p--+ 
at ax ox ,idx 

(14) 

+(y-l)[(i:.,u-q.,)~+J•E-uJXB J (16) 

re the energy balance equation (eq. 16) is expressed 
v errns of the static pressure p. The form of Ohm's law 
en by eq.s 11 and 12 where the transversal velocity 

nent u is considered to be zero, Is utilized. Elec-
1 boundary conditions related to the type of the 
net (segmented Faraday or diagonal conducting 
all) have been considered. 
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Fig. 7 Time behaviours of the stagnation pressure and 
of the gas velocity at the entrance region, in the 

middle of the channel and at its exit 

A semi-implicit difference scheme, according to the ap
proach proposed by Casulli 3, 4, has been applied for the 
solution of the model. Since the speed of sound repre
sents a singular solution for an explicit method some 
terms in the governing equations are discretized' impli
citly. In order that the numerical method may be un
conditionally stable with respect to the speed of sound 
the terms aplax in the momentum equation and au/a.x I~ 
eq. 16 must be discretized implicitly. Hence through the 
semi-Implicit discretization of eq.s 14-16, the following 
results are obtained: 

a•I n t!,,t[( )" ( )"] n •(ldA) P, -p,-t!,,x pu ,- pu ,-1 -t!,,tp,u, Adx' ( 17) 

( 18) 

-~-----~--~-•--, r•- ---~-- ·--~ ---1..,..-- ·-,· ---•-- ·----- • ---- ..... ---~.----~__,.~--..~-·-··- --,-- -- ~-------------~- ---~er--•~-----.--·•• --

.~---- ··-·-,.>-----'"·-·----.. --·----~· ......... ·~-----" ----· -·~-· __ .. ,_ ....... ---'~~~-· ·--~-'-.J..a...- .. ,.,------·---"~ --·--··-~-~ --··---- .• ... -. ············ . . J -· ------- ······ ····-·--··--·· ····-· 
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Fig. 8 Time behaviours of the axial and transversal' 
components of the electric field and of the transversal 

current density at one third of the channel length 

(19) 

where the superscript n, n+ 1 refer to time discretization 
and the subscript i, i+ 1/2, i- 1/2 refer to space 
dlscetizatlon. G and H are nonlinear functions. In this 
case the following expressions have been derived for 
them: 

t,.tr (p) J p"( 1 dA) -;;-l(JXB);-i:., - -t,.t~ --
p, A , p, Adx , 

(20) 

H " • t,.t "( " " )+ "t{( I)[( " '·" '·")(p) ,-p,-t,.xu' p,-P,-1 u '(- u,i: .. -q., A,-

• " •] "•(ldA)} -u,(JXB),+(J•E), -p,u, Adx, 

A first order accuracy is obtained. The method 
when satisfying the following condition: 

t,.tS'; t::,.x 
I u I 

(21) 

is stable 

(22) 

which depends on the velocity of the plasma only. 

The transient following a change in the loading of the 
MHD generator of Section 2, is considered. The unsteady 
situation is caused by halving the two load currents 
(following a decreased electrical power request) at the 
time t - Q The time behaviours of the stagnation pressure 
and of the gas velocity at the entrance region, in the 
middle of the channel and at its exit are shown in Fig. 
7. The adimemsional values plotted in all graphs refer to 
the values assumed at t - o. A relaxation time of the order 
of 10 ms is observed. The velocity decreases at the 
entrance and in the middle of the channel whereas it 
Increases at the exit. The stagnation pressure increases 
in all positions. This is a consequence of the reduction 
of the request of electrical power. The time behaviours 
of the axial and transversal components of the electric 
field and of the transversal current density at one third 
of the channel length are shown in Fig. 8. After the 
transient the absolute values of Ex, of E y and of J y result 
to be increased. Therefore the electrical stress can become 
too large. · 

IX.2-6 

CONCLUSIONS 

The procedure for the design calculations of an MHD lin 
channel has been presented. Three main steps in ~ar 
design have been distinguished a~d the mathematich~ 
models related to them have been described. An opt~ 
mization model based on a quasi-one-dimension 
approximation is utilized for the definition of the mat

1 

design parameters. In order to analyze the channe~ 
operation near the walls and In the power extraction 
regions a two-dimensional model has been developed. This 
model can study the electrodynamic and the fluid dynamic 
operation in the plane containing the channel axis and 
normal to the magnetic induction vector. For the third 
step a quasi-one-dimensional time dependendent model 
has been developed. The numerical solution of it is done 
through the Casulli algorithmM. This three step procedure 
has been utilized for the design of a 230 MWt gas fired 
channel. 
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