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Abstract 

In  MND generators designed t o  produce 
nonequilibrium ionizat ion by electron heat- 
ing, the e l e c t r i c a l  conductivity may be 
very high near segmented electrode walls, 
where the concentrated d iss ipa t ion  pro- 
duced by blockage of t he  conduction cur-
ren t  a t  the  surface of t he  insulator  may 
produce much higher electron temperatures 
than ex i s t  i n  the bulk of the gas. The 
nonunif o m  conductivity tends t o  cause 
Hall current shorts  which increase the  dis- 
s ipat ion and the  conductivity near the 
electrodes. The e f f ec t  of t h i s  phenomenon 
on the performance of segmented electrode 
generators i s  analyzed, withthe pr inc ipa l  
aim of predicting the electron temperature 
r i s e  i n  such devices. One conclusion of 
the analysis  is t h a t  generators with ra t& 
coarse segmentation a r e  l e s s  subject t o  
t h i s  type of l o s s  than are generators with 
very f ine  segmentation, and w l l l  there- 
fore  y ie ld  la rger  e lectron temperatures. A 
second conclusion i s  t h a t ,  t o  maximize the  
electron temperature r i s e ,  operation a t  
high Mach number, but ra ther  low Hall  par+ 
meter, i s  desirable.  While there  i s  not 
suf f ic ien t  experimental data  t o  properly 
verify these conclusions, the  avai lable  
data i s  a t  le'ast consis tent  with them, 

I. Introduction 

As the t i t l e  of t h i s  a r t i c l e  indicates, 
it i s  concerned with the  losses  which 
occur near t he  segmented electrodes i m  
MElD generators designed t o  produce non- 
equilibrium ionizat ion by electron heat- 
ing. The f i r s t  c l ea r  evidence t h a t  elec- 
trode losses  i n  such generators a r e  quali-  
t a t i v e l y  d i f fe ren t  from those i n  equi l i -  
brium generators, was provided by the  fall- 
ure of the segmente electrode generator 
of Klepeis and RosaP t o  produce the  expec- 
t ed  Hall  voltages. -Attempts t o  correlaee 
the observed H a l l  voltages with the  pre- 
dict ions of the e l ec t  ode theory of H w -
witz, Kilb and Sutton 5' showed t h a t  the 
losses  were much l a rge r  than-the theory 
predicted. 

An explanation f o r  these large lo s ses  
was offered i n  Ref. 3 where it was pro- 
posed t h a t  the  Ohmic d iss ipa t ion  near the  
electrodes r e s u l t s  i n  elevat ion of the  
electron temperature, and conductivity, 
above t h e i r  respective f r e e  stream values. 
The resu l t ing  nonuniformity was found t o  
lead t o  the  flow of l o c a l  Hal l  currents,  
which would fur ther  increase the  loca l  
d i ss ipa t ion  and hence the  conductivity. 
Such a nonunifomity would therefore tend 
t o  be self-supporting, 

An approximate theory of generator 
performance, based upon these ideas was 
given i n  Ref. 3. It predicted even low- 
e r  performance than was observed by Kle- 
pe i s  and ~ o s a , ~  but t h i s  was acceptable 
s ince the theory was expected t o  give an 
upper l i m i t  t o  the losses. 

This theory was however subject t o  
two pr inc ipa l  cr i t ic isms.  F i r s t ,  it was 
assumed i n  computing the  elevation of 
e lec t ron  temperature near the electrodes,  
t h a t  the electrons l o s t  energy only by 
e l a s t i c  col l is ions,  and the energy lo s s  
coeff icient  was adjusted t o  account f o r  
other losses. We know tha t  energy l o s s  
by resonance radiat ion c ruc ia l ly  inf u-
ences the electronic  energy ba lance ,4~5 
and t h a t  t h i s  l o s s  cannot be represented 
properly by an e f fec t ive  energy loss  co-
e f f i c i en t .  Secondly, the theow was so 
complicated (numerically) t ha t  it was d i f -  
f i c u l t  t o  draw general conclusions. 

Both of these deficiencies  have been 
corrected i n  the modified theory t o  be 
presented here. The radiant  energy loss  
i s  computed local ly ,  using the  resonance 
escape probabi l i ty  of ~ o l s t e i n 6  with the 
r e s u l t  t h a t  the theory now contains no 
empirical factors.  

The r e s u l t s  suggest the ra ther  sur-
pr i s ing  conclusion t h a t  a nonequilibrium 
generator is  more l i k e l y  t o  succeed with 
r a t h e r  coarse electrode segmentation than 
with f i n e  segmentation. 

There i s  a t  present very l i t t l e  data 
with which t o  compare the theory. A a r t  
from the  ea r ly  experiment of Robben, 'j!
t h e r  
Rosaf are  only the data of Klepeis and 


and of Croitoru, Bekiarian, 

Graziot t i ,  and ~ i t h o n , ~  
although other in- 
vest igators  have reported f a i l u r e  of non-
equilibrium generator 5,58 achieve the  
expected performance. 

Scanty a s  they are, these data appear 
t o  confirm the  r e s u l t s  of the analysis,  
which is  therefore offered a s  a guide t o  
the design of successful nonequilibrium 
generators. 

11. Distr ibut ion of Electron Heating 

Before beginning a detai led calcu3a- 
t i o n  of the electrode losses  i n  a non- 
equilibrium generator, it w i l l  be w e l l  t o  
consider the basic  cause of the  losses.  

We note f lrst t h a t  the  d is t r ibu t ion  of 
current density i s  given approximately by 
the  generalized Ohm% law, 
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\ I I
where a i s  the  scalar  c o ~ u c ~ i v i t y ,  ,6 i s  
the Hall parameter, and E ' =E +Z x S  i s  the 
e l ec t r i c  f i e l d  measured i n  the f luid.  

The conductivity is  re la ted  t o  the 
current density, or  t o  the Ohmic heating 
ra te ,  jZ/c,by an expression of the fom, 

where the f i r s t  term represents the elas- 
t i c  co l l i s iona l  energy loss,  and Qp repre-
sents  the radiant energy loss.  Increasing
jzIr increases T, , which i n  turn  in- 
creases 6. 

Referring now to  Eq. (1)  and t o  Fig.1, 
which schematically depicts a segmented
generator channel, we note t ha t  a t  a point 
near the insulating segment of the walln 
J* =0 ,  and J, = q Exx; , the subscript i" 
denoting the surface of the insulator. In  
the f ree  stream, i f  the generator operaFes 
i n  the Faraday mode,j,=o, and J V =  uw IF?,.  
Furthermore, i n  the f ree  stream, &,=g~&,
and i f  the channel length i s  large com- 
pared t o  i t s  height (2H), Exi 2 E x ,  e 


It therefore fol-lows tha t  

From Eq. (2), we see tha t  i f  Qr i s  
la11 T-,-r,oc 7,p and would theref ore 
! much larger near the insulator  than In 
le f ree stream. This could cause q/L 

.o be greater than unity, which would fur- 
;her increase 7-,-TL near the  wall. The 
net  resul t  i s  t ha t  i n  a ge.nerator designed 
t o  produce nonequilibriun ionization, the 
electron heating i s  much more l ike ly  t o  
occur near the electrodes than i n  the iYee 
stream. 

This conclusion must be modified sll&&-* 
l y  because Qy i s  much larger  near, the wall 
than i n  the f ree  stream. We shal l  assume 
i n  the present analysis t h a t  Q,. i s  locally 
equal t o  the energy loss  f o r  a transparent 
gas, multiplied by the local  resonance 
escape probability. Then Qp may be writ-
ten, 

where Ma i s  the density of seed atoms i n  
the ground s tate ,  9 i s  the frequency' of 
the resonance l i ne  (or an average frequen- 
cy for  the doublet i n  the a lka l i  metals), 

i s  t e resonance escape probability 
f o r  the ithline,  while 9 ;  kTo i s  the 
product of degeneracy and emission osci l -  
l a t o r  strength fo r  the l ine.  Values f o r  
3; fi-., are given i n  Ref. 11. 

For the case of d spersion (pressure) 
broadening, HolsteinsE; gives t he  r e s u l t  

where k' and Y-p a re  the  natural  and 
t o t a l  l i n e  widths, and i s  the distance 
of the point i n  question from the (absorb-
ing) boundary of t h e  plasma. 

In  choosing t h i s  form fo r  q, we have 
impl ic i t ly  assumed t h a t  t he  radiat ion a l -  
ways removes energy from the electrons, 
whereas it can i n  f a c t  e i t he r  add t o  o r  
subtract from t h e i r  energy, depending on 
whether the radiant energy f lux  i s  grea te r  
than o r  l e s s  than the  loca l  equilibrium 
flux. 

However, our pr inc ipa l  in te res t  i s  i n  
the s i tua t ion  where the electron tempera- 
t u r e  i s  higher near the wall than else- 
where, and i n  t h i s  case t h e  assumption i s  
a t  l e a s t  qua l i ta t ive ly  correct.  

For a typ ica l  mixtur'e of noble gas 
and a l k a l i  metal, a'= 10-3 fo r  y = 1 cm, so 
t h a t  i n  the  bulk of the gas, Qr is much 
less than it would be f o r  a transparent 
gas. A t  the surface, d = 1, and Qp i s  so 
la rge  t h a t  the electron temperature must 
be depressed there t o  a value near (or  be- 
low) the wall temperature, But i f  within 
a length of the order of L from the wall, 
d ( y )  becomes small, the radiant  energy 

l o s s  bee-om?? oi' the same o r d e r  as the @.s-
t J c  energy loss, and a layer  of  highly
conducting gas can form. 

I f  L is  su f f i c i en t ly  small, the ra-  
d ia t ion  w i l l  depress the  electron tempera- 
t u r e  and prevent the  formation of the  
layer  of highly conducting f lu id .  How-
ever, as  we sha l l  see, t h i s  should occur 
only i f  I, i s  a small f rac t ion  of a m i l l i -
meter. 

For the  present purposes it wi l l  be 
convenient t o  r e f e r  Q,. t o  the  corres-
ponding value i n  the  main flow. Thus, 

where we are  neglecting the  variat ions of 
,VIP and Y* i n  comparison t o  those of 

( Y / H  ) and the  exponential. Also f o r  t he  
sake of convenience, we sha l l  define an 
effect ive 6,. f o r  the  main flow through 
Eq. (2) a s  

**,CJ -E 1-
6, r 

M). up, 14, f k ( r e m - L )  ( 7 )  

The magnitude of 6, i s  then calculable 
by use of Eqs. (2), (4) ,  and (5). I n  fac-t, 
we see tha t  since 6- depends on H, we 
may take 6, , or  the r a t i o  u6,as  a 
measure of the generator size.  

i 
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111. Approximate Formulation 

The e s s e n t i a l  elements of t h e  des i red  
theory a re ,  first a method f o r  computing 
t h e  cur ren t  d i s t r i b u t i o n  due t o  e lec t rode  
segmentation f o r  a nonuniform gas ,  and 
secondly, a method f o r  r e l a t i n  t h e  s t a t e  
of the  gas  t o  t h e  ( d i s s i p a t i v e 7  losses .  
It i s  c l e a r l y  imprac t i ca l  t o  at tempt an 
exact  so lu t ion ,  i n  which t h e  l o c a l  proper- 
t i e s  of t h e  gas  a r e  determined by t h e  
l o c a l  d i s s i p a t i o n .  Rather, we s h a l l  adopt 
an i n t e g r a l  approach i n  which a p r o f i l e  
f o r  e l e c t r o n  temperature i s  assumed, the  
losses  a r e  ca lcu la ted ,  and then  a form of 
Eq. ( 2 )  which has  been i n t e g r a t e d  i n  2 i s  
s a t i s f i e d .  

We w i l l  assume t h a t  g= Br i s  uniform 
and normal t o  both YJ" and 9E' , and 
t h a t  ( i3.C ) may be neglected.  Somewhat 
l e s s  conf ident ly ,  we assume t h a t  0- = rt 9 )  
and a = p c r )  , because convection should 
tend t o  maintain uniformity  i n  t h e  x 
(streamwise) Cirect ion.  It i s  d i f f i c u l t  to 
prove t h a t  t h i s  assumption i s  v a l i d ,  be-
cause very l a r g e  concentra t ions  of cur ren t  
may develop, and these  could induce sharp 
var ia t ions  i n  the  x d i r e c t i o n .  Neverthe-

JZ+ + ax. 

Now if  we assume t h a t  t h e  e l e c t r o n  
temperature and the  gas temperature both  
vary l i n e a r l y  with y i n  a reg ion  of 
height  h near t h e  e lec t rode  surface ,  then 
both d p l d c ,  and d l o g r / d q  w i l l  be n e a r l y  
constants.  We denote them a s  3 and f l  
respec t ive ly ,  and note t h a t ,  f o r  a s l i g h t l y  
ionized gas,  

and 

9 ( 9 - f f )  
e-ne --

fie- / +  A (9-/+)

/3.. 


- A (9- 1 )  
=z e ; <? 'h 

A. Current D i e t ~ i b u t i o n  

Consider a s l i g h t l y  ionized plasma i n  
s teady flow through a channel having t h e  
conf igura t ion  sketched i n  Fig.  1. The -
f low of cur ren t s  wi thin  t h e  plasma w i l l  be 
governed by Eq. ( I ) ,  sub jec t  t o  t h e  condi-
t ions : 

+ 
V y E  = O  

and 
p.$ = o 

Combining these  r e l a t i o n s ,  we o b t a i n  a gens 
e r a 1  equat ion f o r  t h e  current :  

l e s s ,  it seems c o n s i s t e ~ t  with t h e  p resen t  
i n t e g r a l  formulation t o  average t h e s e  
v a r i a t i o n s  i n  X a. 


Defining a " stream function'  Puch  t h a t  

we r ind  t h a t  Eq. (8) becomes, 

where A = €i/2LGw i f  Ed i s  the  ioniza- 

t i o n  energy of t h e  seed mate r ia l .  F o r  . 

complete consistency,  the  H a l l  parameter 

should be t r e a t e d  a s  a v a r i a b l e  i n  t h e  

t h i r d  term of  Eq. ( l o ) ,  bu t  t o  reduce the 

equat ion t o  one with constant  c o e f f i c i e n t s  

we s h a l l  assume t h a t  t h i s  f l  i s  

W = 4- +Ah / z  . The equation i s  then 

f i n a l l y :  

There is some d i f f i c u l t y  i n  s e l e c t i n g  
appropr ia te  boundary condi t ions  f o r  t h i s  
equat ion.  Hurwitz, Ki lb  and sut ton2 com-
puted the  current  d i s t r i b u t i o n  f o r  & = 9 = 
O., imposing boundary sond i t ions  s u c h  t h a t  
J y  = 0 on the  i n s u l a t o r s  and EX = 0 on the 
e l e c t r o d e s .  Their  r e s u l t s  i n d i c a t e  singu-
l a r  concentra t ions  of cur ren t  a t  t h e  edges 
o f  the  e lect rodes .  These very sharp concen-
t r a t i o n s  r e s u l t  from t h e  cond i t ion  E x  =Q 
and s ince  t h e  l a r g e  cur ren t  concen t ra t ions  
would i n  r e a l i t y  l e a d  t o  s l zeab le  e l e c t r i c  
f i e l d s  i n  t h e  e lec t rodes ,  they do n o t  seem 
t o  be completely r e a l i s t i c .  
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P a r t i a l l y  f o r  t h i s  reason, and par t i a l -  
l y  f o r  ease i n  computation, we s h a l l  speci- 
f y  boundary condit ions on the  normal cur-

,at  t h e  e lectsodes  r a t h e r  than on 
rent,Ex . jf n f a c t  we  s h a l l  assume t h a t  t h e  
t o t a l  cur ren t  J per  e lect rode i s  uniform-
l y  d i s t r i b u t e d  over the  e lect rode widtha.4, 

Aaain f o r  t h e  sake of s i m ~ l i c i t ~ .  we 
shall-el iminate the  problem o? matching 
t h e  wall  regions t o  t h e  main flow by com-
put ing t h e  currents  i n  a s ing le  region of 
height  a h  , and then separat ing i t s  halves 
by the  uniform region of height I H  . Thus 
def ining g i =  g - H  , the  boundary 

where k!: M T T I I .  , .we f ind  

a,= 	J I L  (15) 

condit ions a re :  

j j -
J ; - J < x d d  

( 	 = i f = 0 , - ex < A  ;A < x . c l  

The s o l u t i o n  can be obtained by a 
s t ra ightforward s e r i e s  expansion. P u t t i n g  

The r e s u l t s  f o r  de and b ~ a r e  u i t e  com-
p l i c a t e d  i n  general ,  but  f o r  11.z l a r g e ,  
t h e y  become 

L 

+ cos>,k,,h s lwh i k n 3  Irky (181 

where 

I/r 

I/ 2. 

4 

Because k,h = > 1 these approxi- 
mations a r e  adequate. 

Except f o r  t h e  determination of C the  
s o l u t i o n  f o r  7 i s  complete. From Eqs. 
(91 ,  (141, (151, (161, (171, J-* can be cal- 
cula ted i f  3 i s  prescribed.  

B. 	 Performance C h a r a c t e r i s t i c s  

We def ine  the  vol tages  between e lec -  
t rodes  i n  t h e  x and 3 d i r e c t i o n s  by 

2L 


Y$= 2 J E ~ c o , ~ ) ~ ~  
0 

and t h e  net  Ha l l  cur ren t  by 
. 

J; = 2 j x  ( L , 3 1 d l  

Then using Eq. (1)  i n  t h e  form, 

2. 6 + /$..I S ~ P+ zxg 
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and Eqs. (14) and (17) f o r  7,  we can de- which i s  t h e  current  pe r  e l e c t r o d e  i n  an  
termine t h e  r e l a t i o n s  between the  o v e r a l l  i d e a l  genera tor  with the a c t u a l  free s t r e m  
Voltages and t o t a l  c u r r e n t s  i n  t he  x and conduct iv i ty .  
.-_t). d i r e c t i o n s .  

It is  convenient  t o  de f ine  another  We then  f i n d  the  fo l lowing r e l a t i o n :  
Parameter ,  

where t h e  i n d i c a t e d  sum i s  

The q u a n t i t y  i s  t h e  mean flow v e l o c i t y  A s i m i l a r  r e l a t i o n  i s  obta ined  f o r  the 
i n  t h e  r e g i o n  of  he igh t  h , while K is  a c t u a l  H a l l  vol tage , p e r  e lec t rode ,  
t h e  loading  parameter ,  i.e . ,  K = V t / t ~ ~ & $ f f t h ] . d iv ided  by t h e  i d e a l  H a l l  vol tage :  

I n  a d d i t i o n  t o  thes ,?  para l le te rs ,we wish f i e l d s  a r e  known, i t  can be found from 

t o  know t h e  e l e c t r o n  temperature i n  t h e  Eq. (2 ) .  The r e s u l t  i s  t h a t  

main flow. Since t h e  c u r r e n t s  and e l e c t r i c  
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where the  i d e a l  e l e c t r o n  temperature r i s e ,  

(G/& -1  , d m / i s  defined by 

Here l'= CI./CV and M e i s  the  flow Mach 
number. 

These r e l a t i o n s  completely specify  t h e  
performance of the  generator i f  9 andhare 
given. Some t y p i c a l  r e s u l t s  a re  shown i n  
Figs. 2,3,4  f o r  a case where t h e  wall tem- 
perature  equals t h e  gas  temperature 
@ h / f i W  = 0 ) ,  where the re  i s  no ve loc i ty  
boundary l ayer  ( LC/ U- = 1 ), and where 
TH = 0. The value of 6 ,  /Sc = 5 i s  a m -  
p r i a t e  t o  a channel having a l e a s t  dimen- 
s ion of the  order of 1 cm the  seed den- 
s i t y  i s  of the  order of loM crn-3. 

It w i l l  be noted t h a t  reductions and 
increases  i n  t h e  conductivity near theelm- 
t rode a re  about equally damaging t o  the  pem 
formance. Perhaps the  most s t r i k i n g  fea- 
t u r e  of these r e s u l t s  i s  the  g rea t  r e d ~ -  
t i o n  i n  the  e lec t ron  temperature increment 
which i s  caused by even small values of 
v h f o r  large  p, . 

The e f f e c t  of a reduct ion i n  wall tem- 
pera tu re  i s  indicated i n  Fig. 5 which i s  
drawn forfik/ ,& = -.5, i .e . ,  f o r  a wall 
temperature equal t o  one-half t h e  gas tem- 
perature .  I n  t h i s  case t h e  perfomiance i s  
g r e a t l y  improved f o r  >Ih4 0, over t h a t  f o r  
the  "hot rvall" . 
C. Determination of 3 h : 

and 
These 

remain t' 
are 

be determined. 
in that 

noted
above, s h a l l  determine them by requir-  we 
ing t h a t  t h e  t o t a l  d i s s ipa t ion  i n  the  lay- 
e r  of f l u i d  of height h be t h a t  required M 
support the  excess of e lec t ron  temperature 
implied by the  assumed values of 9 and h . 

I n  Ref. 3 where r a d i a n t  energy l o s s e s  
were not  included, an a d d i t i o n a l  cond i t ion  
was imposed, namely t h a t  t h e  e l e c t r o n  tem- 
pera tu re  a t  t h e  surface  should be t h a t  
implied by Eqs. (2) and (3). Thus, both  
3 and h were determined independently. 

This second condi t ion cannot be app l ied  
when r a d i a t i o n  i s  accounted f o r ,  The r&-
t i o n  depresses T-, very near  t h e  su r face ,  
giving a p r o f i l e  which i s  too  complicated 
t o  be represented by a l i n e a r  approxima- 
t i o n .  

We must t h e r e f o r e  abandon t h e  s u r f a c e  
condit ion,  and rep lace  it by a f u r t h e r  
assumption regarding t h e  e l e c t r o n  tempera- 
t u r e  p r o f i l e .  T r i a l  ca lcu la t ions  ' have 
indicated t h a t  t h e  r e s u l t s  a r e  q u i t e  in- 
s e n s i t i v e  t o  t h e  magnitude of h , so i t  
w i l l  be assumed t h a t  h / L  = 1. 

The value o f  $h i s  then determined b 
t h e  condit ion t h a t  t h e  i n t e g r a l  of Eq. (27 
over t h e  l a y e r  o f  height  h , be s a t i s f i e d .  
That i s  

It would be q u i t e  . d i f f i c u l t  t o  determine 
t h e  left-integral from t h e  so lu t ions  f o r  
j4and E . but f o r t u n a t e l y  it can be d e t e r -  

mined from t h e  o v e r a l l  c h a r a c t e r i s t i c s .  
We know t h a t  t h e  l o s s e s  i n  t h e  genera to r  
must a l l  appear a s  Ohmic heating of t h e  
gas, and t h e  o v e r a l l  l o s s e s  can be com~uted 
from J , V , and t h e  i d e a l  vol tage.  &us, 
i f  we l e t  t h e  excess d i s s i p a t i o n  per  e lec -
t rode p a i r  (over t h a t  i n  t h e  f r e e  streun) 
be denoted D , it follows t h a t  
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The r i g h t  hand i n t e g r a l  i n  Eq. (25) can be 
evaluated , using t h e  assumed form f o r  
& c $ )  , which i s  5/7&- = I / ( / - J y / a ) ;
H y < fi+ h . The corresponding forms 

where 

and Ee i s  t h e  energy of t h e  f i r s t  exc i t ed  
s t a t e  of t h e  seed atom. 

This equation may be regarded a s  a 
determination of 3 h  i n  terms of 

-0/ den /  , v~hichi s  a design
parameter f o r  t h e  generator .  The calcula-  
t i o n  i s  t h e r e f o r e  completely closed.  To 
r e c a p i t u l a t e ,  the  generator  design i s  
s p e c i f i e d  by t h e  d i~ iens ions  I-/ , L ,and 1 . 
The gas  p r o p e r t i e s  a r e  determined by Mm , 

/w  , & m  and +k/#D. p l u s  t h e  usua l  
c ross  sec t ions ,  e t c ;  We assume h l L  = 1. 
Then i f  we spec i fy  t h e  loading,  K , 
(GIG -1 1 td.-= 1 i s  determined. Now 
if  we speci?? t h e  H a l l  cu r ren t  JH , Eqs.
(7) ,  ( 2 0 ) ,  (221, (231, and (253 can be 
solved f o r  3 h  ,&,/&,and t h e  t h r e e  pe r fo r -  
mance Parameters, JIJ;~P,I, J , d e ,  /b,&/-6, 
and .(Gel72- -$/(L/ & -1 ) ,JPd / 

y 

I n  p r a c t i c e ,  it has proven e a s i e s t  t o  
specify  Prn , J h  s HIL 9 J / L  , ~ h / &  ,&,,/&
and JP(J~,J,/ and compute t h e  performance 
v a r i a b l e s  and 
d i r e c t l y .  The per f  or+~i~nnce canvar: ab les  

f o r  t7e and f l  a r e  given by Eqs. (11) 
and (12) .  

With some manipulation, Eq. (25)  can 
then be wr i t t en  i n  the  following form: 

t h e n  be p l o t t e d  a s  funct ions  of 
(5 - / ) / d e g  / p, (Y/L , R/L ,/LLkbw
J%/J7de6 i and S,/bc .

The r e s u  t s  w i l l  be given i n  t h i s  form i n  
t h e  next sect ion.  

IV. Theoret ical  Resu l t s  

Calculations have been c a r r i e d  out f o r  
q u i t e  a wide range of parameters. It w i l l  
be poss ib le  t o  d i sp lay  only a small f rac -
t i o n  of the  r e s u l t s  here.  The r e s u l t s  which 
w i l l  be given have been chosen t o  display 
t h e  major t r ends  and t o  permit comparison 
wi th  experiments where they a r e  avai lable .  

A. The S t a b i l i t y  Boundarg 

The most important r e s u l t  of t h e  ana-
l y s i s  i s  i l l u s t r a t e d  i n  Fig.6, which gives 
t h e  predic ted v a r i a t i o n  of t h e  r a t i o  of 
a c t u a l  and i d e a l  e l e c t r o n  temperature r i s e s  
a s  a funct ion of BW and ( & / ~ - / ) , d ~ ~ l ,  
f o r  parameters appropr ia te  t o  t h e  genera- 
t o r  of Klepeis and Rosa. 
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The most s i g n i f i c a n t  r e s u l t  i s  t h a t  
two modes of generator operat ionl lexis t .  
One mode, which we may term the normal" 
mode e x i s t s  f o r  small values of 
( & / ? 2 - / ) 1 d ~ # [  I n  t h i s  mode, 3 h  i s  
small, and the  generator r e a l i z e s  a  l a rge  
f r a c t i o n  of i t s  i d e a l  performance. A 
fecond mode, which we may term the  

shorted'' mode e x i s t s  f o r  large  
J , . I n  t h i s  mode, 3 h  i s  
large ,  t h e r e  are  l a rge  losses  near the  
e lect rodes ,  and the  generator r e a l i z e s  
only a  small f r a c t i o n  of i t s  idea l  per- 
f  ormance. For a  given b e ,  the re  i s  a 
value of ( Te / JP - 1 )  ,dm / below which only 
the "normal" mode ex i s t s .  Above t h i s  
value both modes a r e  possible,  but it seans 
reasonable t h a t  the  generator would s e l e c t  
the  shorted mode, which produces much 
g r e a t e r  d iss ipat ion.  

Thus, i n  terms of (5/T,-11 ~d / , there 
i s  a s t a b l e  range and an unstable range of 
generator operation. The ac tua l  e lec t ron  
temnerature r i s e  I s  proportional t o  the  
product of the  abscissa and the  ordinate,  
and a  l i t t l e  ari thmetic shows t h a t  $he m a x -
i m u m  of (Tew/7& - 1  ] occurs on the  normar 
branch jus t  a t  the  s t a b i l i t y  limit. We see  
from Fig. 6 t h a t  t h e  s t a b i l i t y  l i m i t  moves 
to  the  l e f t  as PB increases. Thus i t  
follows t h a t  the  maximum e lec t ron  tempera- 
tu re  r i s e  decreases as ,& increases,  f o r  
a  given generator design. This t rend i s  
shown by t h e  upper curve i n  Fig. 7, where 
it i s  assumed, as  i n  Fig. 6, t h a t  the  wall  
temperature i s  one-half the  f r e e  stream 
gas temperature. 

It w i l l  be noted tha t  i n  the  "normal" 
mode the  performance improves as 
(ERO-1 1,'fed / increases. This i s  

because t h e  increased d i s s ipa t ion  near t h e  
wall r a i s e s  the e lect ron temperature the re  
and so reduces the  loss  due t o  the  cool 
wall. I n  the  shorted mode the  e lec t ron  
temperature near t h e  wall becomes g rea te r  
than the  f r e e  stream temperature, and t h e  
losses  a re  very large .  

Both of the  other  performance para- 
meters show trends similar t o  tha t  of the 
e lec t ron  temperature r i s e .  The r a t i o  of 
ac tua l  t o  i d e a l  Hal l  voltages i s  displayed 

il FiE . 8 f o r  the conditions specif ied  i n  
Flg. . To c l a r i f y  - the  re la t ionsh ip  be- 
tween the  ac tua l  e lec t ron  temperature r i s e  
and t h e  operating var iables  of the  genera- 
t o r ,  curves of constant ( T e - / & - I j  a r e  
p l o t t e d  versus Me C / - K )  and all. Fig.9, 
again fo r  the parameters specif ied  i n  
Fig. 6. The s t a b i l i t y  boundary i s  indica- 
ted  as  a dashed l i n e .  To t;e r i g h t  of and 
above i t ,  the  generator i s  shorted". To 
:he l e f t  of and below it, the  operation i s  

normal". We see t h a t  fo r  t h i s  channel 
design, t h e  l a r g e s t  e lect ron temperature 
r i s e  should have been achieved f o r  fl, L + 
and f o r  r a t h e r  high Mach numbers. As we 
have noted above, it was always operated 
i n  t h e  unstable region. The operating ljne 
i s  ind ica ted  by t h e  hor izonta l  arrow. 

B. The Effect  of Wall Temperature 

I f  the wall temperature i s  increased,  
the  s t a b i l i t y  boundary moves t o  t h e  l e f t ,  
s ince then t h e  d i s s ipa t ion  more r e a d i l y  
produces a conductivity excess near t h e  
wall. Thls i s  shown i n  Fig .  10, which i s  
drawn f o r  & = &  , o r  j h / , 4 - -0. Fur-
ther, the  performance i n  the  "normal" mode 
decreases a s  (5/TA- / I  /dcr  1 increases ,  
s ince  now any d i s s ipa t ion  near t h e  wall  
makes 3 h z o and increases  t h e  l o s s e s  
( see  Fig. 4) .  

The maximum ( ~ m i s  given/Gg-1 J 
f o r  t h i s  case a l s o  i n  Fig ,  7. It i s  sub-
s t a n t i a l l y  l e s s  than t h a t  f o r  the  cooled 
wall. We therefore  t e n t a t i v e l y  conclude 
t h a t  wall cooling should be b e n e f i c i a l  i n  
nonequilibrium generators,  though of 
course t h i s  conclusion must be tempered by 
t h e  r e a l i z a t i o n  t h a t  very cold e lec t rodes  
w i l l  not emit properly.  

. C .  Fineness of Electrode Segmentation 

The e f f e c t  of increas ing H1.L on the  
e lec t ron  temperature is  shown i n  Fig.  11. 
Here Sw/de has bgen held  constant a t  
5 so t h a t ,  t o  the  extent  t h a t  a  constant  
value of 6, implies a constant channel 
s i ze ,  t h e  v a r i a t i o n  of HlL impl ies  a  varl-a-
t i o n  of , holding H , and o ther  para- 
meters constant.  

For values of HlL l e s s  than about 50, 
and fo r l l  &h/B- = -0.5, t h e  performance 
on the  normal" branch improves a s  HIL 
i s  increased, but t h e  s t a b i l i t y  boundary 
moves t o  the  l e f t  with the  r e s u l t  t h a t  t h e  
maximum a t t a i n a b l e  (5- /fi, -1 1 decreases.  

For valuks of H I L  @eate r  t h a n  about 50, 
and again fo r ,uh l&, .  = -0.5,the performance 
i n  t h e  normal mode i s  very low-because t h e  
d i s s ipa t ion  i s  not l a rge  enough t o  e l e v a t e  
t h e  conduct ivi ty  near t h e  wall. Thellbest  
performance i s  then obtained i n  t h e  shor t -
ed" mode, but jus t  a t  t h e  s t a b i l i t y  
boundary. 

By r a i s i n g  t h e  rail temperature, t h e  
performallce i n  t h e  normal" mode can be 
ra i sed ,  but then t h e  s t a b i l i t y  l i m i t  moves 
l e f t  with t h e  net  r e s u l t  being a reduct ion 
of ( Z W / ~ R )  This i s  shown- I ) ~ U X  
i n  Fig. 11 f o r  H I L  = 1060. 

The maximum a t t a i n a b l e  values o f  
Goo/Ta~- 1 are  sunmarized i n  Fig .  12 

f o r  PW = 10. We see t h a t  un less  t h e  seg- 
mentation can be almost on a molecular 
scale ,  t h e  b e s t  choice is a  r a t h e r  coarse 
segmentation. No ca lcu la t ions  have been 
done f o r  values of HIL below 4 because it 
i s  f e l t  t h a t  t h e  model, which assumes t h i n  
d i s s i p a t i v e  l ayers  near t h e  e lec t rodes ,  i s  
not appl icable  f o r  I-kjL 4. However, t h e r e  
must be an optimum,y/L between 0  and 4 
s ince  f o r  H/L = 0, we have t h e  case of 
continuous e lec t rodes .  
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D. 	 Generator Size 

It was noted above t h a t  t h e  generator 
s i z e  i s  p r i n c i p a l l y  r e f l e c t e d  i n  S-/& . 
Figure 13 shows f o r  H/L = 100, t h a t  a s  
S w / S e  i s  reduced, t h e  performance i n  t h e  


"normal" mode improves, but t h e  s t a b i l i t y  

l i m i t  moves t o  t h e  l e f t .  The net  r e s u l t  

i s  a s l i g h t  increase  i n  (Te-/JaW - 1 )  b u l ~ w  
a s  t h e  generator s i z e  i s  increased.  These 
maxima a r e  t abu la ted  with t h e  channel d i -  
mensions implied by t h e  values of & = / A 0  , 
assuming t h a t  t h e  seed mole f r a c t i o n  i s  
about 0.001. 

V. Comparison with Experiments 

There appear t o  be only two s e t s  of 

da ta  which a r e  s u i t a b l e  f o r  compar'son 

with t h e  theory.  Klepeis and Rosai repor* 

ed systematic measurements of Ha l l  voltage 

i n  a ~egmented channel under condit ions 

conducive t o  e l e c t r o n  hect ing.  Puch more 

r ecen t ly  C o i to ru ,  Bekiarian,  G r a z i o t t i  

and Pithon 6 have repor ted measurements of 

load current  i n  a segmented channel with 

s imi la r  condit ions.  We s h a l l  compare t h e  

p red ic t ions  of the  theory  with t h e  r e s u l t s  

of both experiments. 


A. 	 Comparison with Data of Elepeis  

and Rosa 


For t h i s  generator,  H l L  = 23, 
6 e / S e  = 5, and Mor 0.5. It was operated 

with g = 0 f o r  values of ,& from about 4 
t o  15. Referring t o  Fig.  6 where t h i s  load 
l i n e  i s  indicated,  we see  t h a t  t h e  opera- 
t i o n  was always i n  t h e  uns tab le  region.  
This i s  a l s o  indicated i n  Fig.  9 where t h e  
load l i n e  i s  ind ica ted  by t h e  nor izon ta l  
arrow. 

The r a t i o s  of a c t u a l  t o  i d e a l  H a l l  
vqltage obtained from Fig.  7 a re  com ared 
t o  Klepeis and Rosa's d a t a  i n  Fig.  15. 
This i s  t h e  curve f o r  TWIT& = 0.5. Curves 
f o r  T w l T ~ m=,0 .25  and 1.0 a re  a l s o  shown 
s ince  t h e  a c t u a l  wall  temperature was not  
determined. The r e s u l t  given i n  Ref. 3 is  
a l s o  presented f o r  comparison. We note 
t h a t  it i s  not very d i f f e r e n t  from t h a t  o b  
ta ined from t h e  present  ana lys i s .  Thus it 
appears t h a t  t h e  r e s u l t s  a r e  r a t h e r  insen- 
s i t i v e  t o  t h e  d e t a i l s  of t h e  model used 
f o r  t h e  d i s s i p a t i v e  l ayer .  This i s  en-
courag ing . 

On t h e  o ther  hand, t h e  actual. perfor-  
mance i s  considerably b e t t e r  than  t h e  
predic ted performance. No firm explana- 
t i o n  can be o f fe red  a t  p resen t .  However, 
we may note t h a t  t h i s  generator  operated 
with such a low gas temperature (1750°EC)
t h a t  the  e l e c t r o n  dens i ty  was below the  
l i m i t  f o r  a p p l i c a b i l i t y  of the  simple two 
temperature conduction law.12 I n  f 1 
it was noted t h a t  f o r  nr c 3 x. loqa ~ m - 3 ,  
b i s  much l e s s  s e n s i t i v e  t o  J than t h e  

simple theory would p red ic t .  This would 
tend t o  reduce t h e  value o f  3h ' , and 
hence t h e  losses .  

B. 	 Comparison with Data of Croi toru  e t  a l .  

For t h i s  generator,  tt/L = 3 ,  130- = 20, 
= 0.57, = 2250°K9 and the  equi l i -  

brium conductivity was approximately 31 
mho/cm. From these  data,  idea /(Te/JC-/) = 
68(1- K ) 2 .  Performance curves s imi la r  t o  
those  of Fig ,  6 were computed f o r  t l l f s  
case. Then f o r  several  values of K , 
(%/G- 1 )  / d e a l  was determined, and 
from t h i s ,  J/&dea / , and f i n a l l y  J were 
computed. A s ing le  t h e o r e t i c a l  curve of 
J , the  current  per e lect rode vs Vy , 

t h e  terminal  voltage,  r e s u l t s .  It i s  com-
pared with t h e  da ta  i n  Fig. 15. Each sym- 
b o l  r epresen t s  a d i f f e r e n t  p a i r  of e lec-
t rodes .  

Two poin t s  should be noted. F i r s t ,  

t h e  experimental load l i n e  is curved, 

which s t rongly  suggests nonequilibrium ion-

i za t ion ,  and t h e  theory gives  about t h e  

same curvature.  Secondly, the  magnitude of 

t h e  p red ic ted  current  compares very well  

with t h e  mean of t h e  measured cur ren t s  f o r  

t h e  several  e lect rodes .  


Again t h e  theory i n d i c a t e s  t h a t  t h i s  

generator  operated i n  t h e  shorted mode, 

even though /+/L was small, because 

was so l a rge .  


C.  	 Other Data 

There a r e  other ,  l e s s  q u a n t i t a t i v e  da ta  
which support the  theory. I n  h i s  e a r l y  
measurement of the  performance of a non- 
equil ibrium generator,  ~ o b b e n 7  obtained 
only a small f r a c t i o n  of t h e  expected con-
d u c t i v i t y  increase .  Furthermore, he obser- 
ved l a r g e  p o t e n t i a l  drops near t h e  e lec -  
t rodes ,  such a s  a re  predic ted by t h e  
theory.  Brederlow, Eust i s  and ~ iedmf i l l e r ,g  
and chapmanlo repor t  much l e s s  than t h e  
expected performance from small generator 
channels operating with noble gases a t  high 
Hal l  parameters, 

VI. Concluding Remarks 

If we accept the  v a l i d i t y  of the  pro- 

posed model f o r  e lect rode losses  i n  non- 

equil ibrium generators,  then we may 

conclude : 


1. 	 For a given generator conf igurat ion 
t h e r e  i s  a value of (Te/;'a - 1  ) , d P a  \ 
above which t h e  generator i s  subject  
t o  Ha l l  current  shor t s  along t h e  
e lect rode walls. The performance of 
:he gene--ator operating i n  t h ?  

s h ~ r t ~ d "mode i s  very low un less  t h e  
segmentation i s  exceedingly f i n e .  

2 .  	 The s t a b i l i t y  l i m i t  moves t o  lower 
( ~ e / /  - - ~ ) r d e r I  a s  p~ i s  
increased and f o r  t h i s  reason t h e  
maximum a t t a inab le  (Zop/GDO-1 ) 
decreases as  pw increases ,  f o r  a 
given generator design. 

3. The s t a b i l i t y  limit moves t o  lower 
(&/G - / ) t d ~ al a s  H / L  i s  
increased,  and f o r  t h i s  reason t h e  
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maximum e l e c t r o n  t e m p e r a t y e  r i s e  
a t t a i n a b l e  i n  t h e  "normal mode de- 
c r eases  a s  H I &  i s  increased .  

4. 	cooi ing  o f  t h e  e l ec t rode  wall moves 
t h e  s t a b i l i t y  l i m i t  t o  l a r g e r  
(G/ G  - 1 )  lded I , and so in-

c reases  t h e  maximum (Ted/Gw - I )  

5. 	 I n  genera l ,  f o r  g iven  ( G / G  -/) t&&/  , 
opera t ion  a t  low Frn and l a r g e  p-7-
i s  p r e f e r a b l e  t o  ope ra t ion  a t  high 
p, 	 and low MP . 

6. 	 The l o s s  due t o  e l ec t rode  sho r t ing  
decreases  only very  slowly a s  t h e  
genera tor  s i z e  i s  increased .  It 
does no t  s c a l e  according t o  a 
su r f  a g v o l u m e  law. 

Ce r t a in ly  t h e  confirmation of t he  
t h e o r y  by experiment i s  only very t e n t a -  
t i v e  s ince  a l l  of the  da t a  appeaFs t o  be 
f o r  gene ra to r s  opera t ing  i n  t h e  shorted" 
mode. A d i r e c t  demonstration of  t h e  e x i s -  
tence  of two modes of opera t ion  i s  needed 
t o  s u b s t a n t i a t e  t he  p r i n c i p a l  r e s u l t s  o f  
t he  theory.  
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Fig. 1 Schematic diagram of segmented electrode channel showing Fig. 2 The ratio of actual t o  ideal t ransverse current  a s  a function 
region of height, h, near  electrodes in which the conductivity of the assumed conductivity excess near the electrodes and the 
i s  larger  than the f r ee  s t r eam conductivity. Hall parameter. The wall temperature i s  equal to  the gas 

temperature,  while the value of 8,/6, i s  character is t ic  of a 
l eas t  channel dimension of rr; I cm. 
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Fig. 3 	 The ratio of actual to  ideal Hall voltage a s  a function of the Fig. 4 The rat io of actual to ideal electron temperature r ise  as  a 
assumed conductivity excess  near  the electrodes and the function of the assumed conductivity excess near  the electrodes 
Hall parameter .  The wall temperature i s  equal to  the gas and the Hall parameter. The wall temperature i s  equal to  
temperature,  while the value of 6,/6, i s  character is t ic  of a the gas temperature,  while the value of  6,/6, i s  character is t icof  
l eas t  channel dimension of s 1 cm. 	 a l eas t  channel dimension of = 1 cm. 
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Fig. 6 The ra t lo  of ac tua l  to  idea l  e l ec t ron  t e m p e r a t u r e  r i s e  as  a 
f u n c t ~ o n  o i  the  idea l  e l e c t r o n  t e m p e r a t u r e  n s e  a n d  the Hall  
p a r a m e t e r .  See Fig.  I  f o r  o the r  notatLon. Two modes  of 
opera t ion  a r e  shown, t h e  ' n o r m a l "  mode  at s m a l l  ( T ~ / T ~ - ~ \ ~ ~ ~ ~  
and the s h o r t e d "  mode a t  l a r g e  IT /T 
approximate operating line f o r  the ; e n g a t o r  ai'K<:;ela and 
Rosa1 1s indicated.  It ooera ted  i n  +he " shor ted"  mode.  

Fig.  5 The rat lo of actual  to  >deal  electron t empera tu re  rise as a 
function of rhe conductivity excess near  the e lec r rode i  and the 
Hail pa ramete r .  Here  the wall t empera tu re  1s one-half the 
gas t e n p e r a : u r e ,  m h ~ l e  the rena in :ng  p a r a m e t e r s  are  the 
same as  13 Fir. 4. 
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Fig.  8 The  ra t lo  of ac tua l  to  idea l  Hall  voltages f o r  the  c a s e  shown ~n 
Fig .  6.  
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3 g .  9 The fractional e l e c t r o n  r e m p e r a r u r e  r i s e  as  a iunction of Mach  
n u m b e r ,  I M ~laadlng fac to r ,  k, and Ha l l  pa ramete :  p.1 f o r  a 
channel having H/L = 23,  6,/6, = 5, and a wall  t e m p e r a t u r e  
equal  to  one-half the gas  t e m p e r a t u r e .  The  dashed  l ine  i s  the  
'boundary between the n o r m a l  -.ode and  the s h o r t e d  mode .  The  
operating l ine  o i  the Klepe i s -Rosa  genera to r  i s  ~ n d ~ c a t e d  by 
the horizontal  a r row.  

Fig.  10 The ra t lo  o i  ac tua l  to  ideal  e l ec t ron  t e m p e r a t u r e  r i s e  for  the 
s a r e  condit;ons a s  given In Fig. 6, except that h e r e  the wall  
t e m p e r z t u r e  equals the gas remperarure.  Note that rte ' s h o r r e d ' ~
mode o c c u r s  for lower valces of (T / T  - l ) ,deal  than in Fig. 6. 
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Fig: 12 The maximum attainable electron tempera ture  r i s e  a s  a function 
of the ra t io  of channel height to electrode spacing for  a Hall 
Darameter of 10. Rather course senmentation aDDeara to be  
best for elevating the electron temp;rature. 

.. 

Fig. 11 The ratio of actual to ideal electron tempera ture  r i s e  a s  a func-
tion of the ideal electron temperature r i s e  for  revieed ra t ios  of 
channel height to electrode spacing, H/L. F o r  the solid lines 
the wall temperature in one-half the gas temperature. Far the 
dashed line i t  i s  equal to the gas temperature. Note that for 
H/L > 100, the  performance i s  very low in  the "normal" mode 
because the conductivity i s  very low near  the wall. 

Fig. 13 The effect of gonerator size on the ratio of ac tual  to'ideal 
electron temperature r i s e  for a Hall parameter  of 10. Values 
of the least channel dimension, d are tabulated with 6, /ae and 
the maximum attainable electron temperature rise. It i s  
assumed that the seed  concentration i s  1016 cm-3. Note that 
the dependence of (T,,,/Ta,, - 1) on d i s  very  weak. 
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Fig. 14 Cornpanson o! the abo\e :heory wlrh the ex?ertmer.tal resulra of 
K l c p e ~ sand Rosa. Theoretical c u r v e s  are  given for three 
rarlos of wall to gas temperature. The rheorerhcll result of 
Ref. 3 is also given. 
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Fig. 15 Comparison of he  aboye theory with the experimental results of 
Craitoru e t  al,  'and with their theoretical results for an ideal 
generator and for  a generator urith continuous electrodes. Note 
that bath the data and t h e  theoretical curve  ahow a strong 
curvature, indicating nonequilibrium ionination, and that the 
magnitude of the predicted current agrees fairly well with the 
mean of the electrode currents.  
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