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Abst rac t  

A one-dimensional l i n e a r i z e d  theory us ing 
i n t e g r a l  t ransforms has  been used t o  p r e d i c t  t h e  
growth and a t t e n u a t i o n  of waves. The theory  i s  
app l i cab le  f o r  weak magnetic i n t e r a c t i o n  and i s  
u se fu l  f o r  i n i t i a l  condi t ions  i n  l a r g e  genera tors  
o r  to  c h a r a c t e r i z e  t h e  phenomena i n  l abo ra to ry  
s c a l e  f a c i l i t i e s .  The wave growth p r e d i c t i o n s  
a r e  obtained by pe r tu rb ing  t h e  normal acous t i c  
wave s o l u t i o n s  wi th  t h e  e f f e c t  of magnetic i n t e r -  
ac t ion .  In  o rde r  t o  make t h e  p r e d i c t i o n s ,  one-
dimensional models of t h e  genera l ized  e l e c t r i c a l  
conf igura t ion  f o r  an MHD channel were developed, 
and inc lude  i m p l i c i t l y  some two-and three-
dimensional e f f e c t s  such a s  boundary l a y e r  and 
e l e c t r o d e  phenomena. The theory  p r e d i c t s  t h a t  
non-ideal boundary l a y e r  e f f e c t s  may s i g n i f i c a n t -  
l y  reduce t h e  growth r a t e s .  For t h e  Stanford M-2 
f a c i l i t y ,  t h e  theory  p r e d i c t s  t h a t  waves should 
experience smal l ,  bu t  not  i n s i g n i f i c a n t ,  amounts 
of a t t enua t ion .  

I. In t roduc t ion  

In  p r a c t i c e  t h e r e  a r e  many sources  of 
inherent  uns teadiness  i n  an MHD gene ra to r ,  
inc luding poor mixing and incomplete combustion 
of the  r e a c t a n t s ,  turbulence ,  v a r i a t i o n  of t h e  
flow cond i t i ons ,  and p o s s i b l e  changes i n  t h e  load 
c i r c u i t .  These non-uniformities and f l u c t u a t i o n  
i n  t he  plasma may themselves cause  a  degradat ion  
of t he  s t eady- s t a t e  performance of t h e  MHD gener-
a t o r  [ l ] ,  [ Z ] .  I n  an  o rd ina ry  f l u i d  wi thout  
magnetic i n t e r a c t i o n ,  smal l  v a r i a t i o n s  i n  f l u i d  
p rope r t i e s  can propagate a s  o rd ina ry  a c o u s t i c  
and entropy waves. Magnetic i n t e r a c t i o n  modifies 
t h e  propagat ion  of t he  waves. Var i a t i ons  i n  t he  
p re s su re  and tempera ture ,  such a s  might be  as-
soc i a t ed  wi th  t h e  propagat ing  waves, cause a 
v a r i a t i o n  i n  t h e  plasma p r o p e r t i e s ,  such a s  t h e  
e l e c t r i c a l  conduc t iv i ty  and t h e  H a l l  parameter.  
for acornbustion-drivenMHD f a c i l i t y , t h e  e l e c t r i c a l  
conduct iv i ty  is a s t rong  func t ion  of temperature 
(d l o g ~ j d  logT 1 3 ) ,  and t h e  H a l l  parameter i s  aJ 


moderate func t ion  of t h e  f l u i d  d e n s i t y .  The 
changes i n  t hese  p r o p e r t i e s  then a f f e c t  t h e  
e l e c t r i c  f i e l d s  and c u r r e n t s .  These f l u c t u a t i o n s  
a f f e c t  t h e  f l u i d  pl;opezties by changing t h e  body 
fq rce  q n  t h e  gas (.Ix B) and by J o u l e  h e a t i n g  
( J  ' E ' ) .  Thus f l u c t u a t i o n s  i n  t h e  f l u i d  
p rope r t i e s ,  propagat ing  a s  waves, i n t e r a c t i n g  wi th  
t h e  e l e c t r i c  and magnetic f i e l d s ,  can under 
c e r t a i n  circumstances e i t h e r  add o r  d i s s i p a t e  
energy i n  t h e  flowing plasma. Adding energy t o  
t h e  propagat ing  waves can produce an i n s t a b i l i t y ,  
i nc reas ing  t h e  amplitude of t h e  t r a v e l l i n g  waves. 
These inc reased  d i s tu rbances  can exacerbate  t h e  
problems due t o  non-uniformities previous ly  
mentioned, and cause  a d d i t i o n a l  problems. 
Because l a r g e  c u r r e n t  and e l e c t r i c  f i e l d  f l uc tu -  
a t i o n s  a r e  a s soc i a t ed  wi th  t h e  p rope r ty  f l uc tu -  
a t i o n s ,  t h e  load c i r c u i t ,  p a r t i c u l a r l y  t h e  
i n v e r t e r s ,  may exper ience  h igh l e v e l  t r a n s i e n t s ,  

which could r e s u l t  i n  damage. I n  add i t i on  high 
temperatures can a f f e c t  t h e  heat  t r a n s f e r  r a t e s ,  
and high p re s su re s  can th rea t en  t h e  s t r u c t u r a l  
i n t e g r i t y  of t h e  MHD channel i t s e l f .  It i s  
important t he re fo re ,  t o  understand the  e f f e c t s  
and behavior of t hese  waves. 

In combustion MHD gene ra to r s  t h e  plasma can 
be character ized  a s  an equi l ibr ium,  p a r t i a l l y -
ionized,  e l e c t r i c a l l y  n e u t r a l ,  low magnetic 
Reynolds number plasma. Several  i n v e s t i g a t o r s  
have considered the  p o s s i b i l i t y  of i n s t a b i l i t i e s  
with can propagate under such condi t ions  [3]-[9].  

Most r ecen t ly ,  Barton (1979) [ l o ]  has 
conducted a thorough inves t iga t ion  of magneto-
a c o u s t i c  and magneto-entropic waves i n  combustion 
MHD f a c i l i t i e s .  Barton used the  l i n e a r i z e d  MHD 
equations t o  examine t h e  propagation of waves i n  
an MHD genera tor  with a r b i t r a r y  a x i a l  and 
t r ansve r se  load c i r c u i t s ,  and included, i n  an 
approximate fashion,  t he  v a r i a t i o n  of steady-
s t a t e  proper ty  g rad ien t s ,  i n  add i t i on  t o  t he  
dependence of t he  plasma p rope r t i e s  on t h e  
thermodynamic s t a t e .  The r e s u l t s  of h i s  calcu- 
l a t i o n s  i n d i c a t e  t h a t  i n  f a c i l i t i e s  with l a rge  
i n t e r a c t i o n  s i g n i f i c a n t  ampl i f i ca t ion  of 
t r a v e l l i n g  waves could occur i n  i d e a l  Faraday, 
Ha l l ,  and d iagonal  wa l l  genera tors  over a wide 
range of load f a c t o r s .  

Experimental i nves t iga t ion  of t he  behavior 
of magneto-acoustic waves has been q u i t e  l imi ted .  
A lengthy study of f l u c t u a t i o n s  i n  NHD genera tors  
was performed by Dicks, Sco t t ,  and colleagues 
[ I l l - [ 1 3 ] .  They measured f luc tua t ions  i n  
e l ec t rode  cu r r en t ,  ax i a l - e l ec t rode  vo l t age ,  and 
plasma luminosity i n  a  combustion-driven, super-
son ic  d iagonal  conducting-wall f a c i l i t y .  These 
measurements were analysed s t a t i s t i c a l l y  and 
showed no evidence of magneto-acoustic wave 
growth. Most r ecen t ly  Barton,  [14]-[15] has 
performed a  broad study of f l u c t u a t i o n s  i n  a  
subsonic ,  combustion dr iven MHD genera tor .  
Barton measured the  inherent  f l u c t u a t i o n s  i n  
channel pressure ,  vol tages  from i n t e r n a l  vol tage  
p i n s ,  and cu r r en t  i n  t h e  load c i r c u i t ,  a s  a 
func t ion  of DC cu r r en t ,  with and without a 
B-field.  In  both s t u d i e s  however, t h e  s i z e  of 
t h e  f a c i l i t i e s  and the  magnitude of magnetic 
i n t e r a c t i o n  were small  i n  comparison t o  proposed 
base-load f a c i l i t i e s .  

The a p p l i c a b i l i t y  of the  previous theo r i e s  
t o  opera t ing  MHD genera tors  is l imi t ed  by the  
assumption,  i n  each case ,  of i d e a l  e l e c t r i c a l  
performance, where boundary l a y e r  and near  
e l e c t r o d e  phenomena a r e  neglec ted .  These non- 
i d e a l  phenomena a r e  e s p e c i a l l y  important i n  
smal ler  f a c i l i t i e s ,  such a s  those  previous ly  
used t o  examine magneto-acoustic phenomena. 
This paper desc r ibes  an a n a l y t i c a l  model of 
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magneto-acoustic phenomena which i d e n t i f i e s  t h e  
dependence of wave growth and d i spe r s ion  of 
s i n g l e  d is turbances  with t h e  plasma p rope r t i e s  
and load conditions of non-ideal MHD gene ra to r s ,  
u t i l i z i n g  a  quasi-one-dimensional model of t h e  
generalized e l e c t r i c a l  conf igura t ion ,  which 
incorpora tes  some two-and three-dimensional 
phenomena, inc luding a  model of vol tage  drop a s  
a  funct ion  of cu r r en t  dens i ty .  In  p a r t i c u l a r  i t  
i s  observed t h a t  wave growth r a t e s  can be strong- 
ly  influenced by the  r e s i s t a n c e  associa ted  wi th  
boundary l aye r  vol tage  drops. 

The paper f i r s t  descr ibes  a  new model f o r  
obta in ing closed-form so lu t ions  f o r  wave growth 
r a t e s  of an a r b i t r a r y  proper ty  d is turbance  i n  a 
generator of weak i n t e r a c t i o n .  Then t h e  quasi- 
one-dimensional model i s  described b r i e f l y ,  and 
appl ied  t o  p red ic t  growth r a t e s  i n  the  Stanford  
f a c i l i t y ,  with the  aim t o  i nves t iga t e  t h e  
exis tence  of the  mechanisms which can cause 
magneto-acoustic i n s t a b i l i t i e s .  F ina l ly ,  the  
r e s u l t s  and f ea tu re s  of t hese  p red ic t ions  a r e  
discussed. 

11. Magneto-Acoustic Theory 

Consider an idea l  MHD genera tor  with 
a rb i t r a ry  ax i a l  and t r ansve r se  load c i r c u i t s ,  
with external  b a t t e r i e s  permi t ted  i n  t h e  load 
c i r c u i t s  a s  shown i n  Fig .  1. Following 
Barton [ l o ] ,  the  one-dimensional, time-dependent, 
constant area  MHD equations can be w r i t t e n  a s :  

where 

Here P ,  T ,  and u have been chosen a s  t h e  
dependent va r i ab l e s .  The dens i ty  i s  e l iminated  
i n  t h e  usual  con t inu i tv  equation by assuming a  
pe r f ec t  gas,  P = PRT/$, an< permit t ing  a 
va r i ab l e  molecular weight M so t h a t  

This v a r i a t i o n  i s  included because the  chemical 
composition of a combustion MHD plasma i s  a 
moderate funct ion  of temperature and pressure .  
A low magnetic Reynolds number and a  s i n g l e  
temperature plasma a r e  assumed, and heat  t r a n s f e r  
and v i s c o s i t y  a r e  neglec ted  i n  t h e  core.  

The method of s o l u t i o n  t o  t he  system of Eqs. 
(1  - 3) is out l ined a s  follows: 

1. 	 The MHD equations a r e  l i n e a r i z e d  by assuming 
smal l  d is turbances  t o  t h e  s teady s t a t e  

proper ty  va lues  of t h e  form 

2 .  	 The l i n e a r i z e d  equat ions  f o r  5 '  a r e  
Four i e r  transformed i n  space,  then Laplace 
transformed i n  t ime t o  y i e l d  an  a l g e b r a i c  
system of equat ions  f o r  the  transformed 
v a r i a b l e s .  

3. 	 The system is  solved and t h e  t ransforms a r e  
i nve r t ed  f o r  t h e  ca se  of no magnetic i n t e r -  
a c t i o n  and no c u r r e n t ,  y i e l d i n g  t h e  normal 
a c o u s t i c  s o l u t i o n .  

4. 	 The p e r t u r b a t i o n  t o  t he  normal a c o u s t i c  
s o l u t i o n  i s  c a l c u l a t e d  t o  show t h e  e f f e c t  
of magnetic i n t e r a c t i o n  on t h e  waves. 

The MHD Egs. (1-3) a r e  l i n e a r i z e d  and 
normalized,  y i e l d i n g  

A l i s t  of normalized v a r i a b l e s  i s  given i n  Table 
1. The c h a r a c t e r i s t i c  length  s c a l e  L can be  
a s soc i a t ed  wi th  t h e  channel length .  The "source" 
terms i n  (6) and ( 7 )  a r e  evaluated,frqm t h e  
e l e c t r i c a l  equa t ions  t h a t  r e l a t e  (E , J )  t o  t h e  
plasma p r o p e r t i e s  and t h e  f l u i d  v a r i a b l e s  
(P, TI u) [ s e e  next  s e c t i o n ] .  Included i n  t h e  
source  terms a r e  t h e  dependence of e l e c t r i c a l  
conduc t iv i ty  and H a l l  parameter i n  a  l i n e a r  
f a sh ion  on p re s su re  and temperature.  It is  
these  dependencies which can lead t o  i n s t a b i l i -
t i e s .  The source  terms a l s o  inc lude  terms i n  
t h e  dependent v a r i a b l e s  PI, T' and u ' .  

The f l u i d  f l u c t u a t i o n s  a r e  assumed t o  be 
zero  a t  d i s t a n c e s  f a r  away from t h e  p a r t  of t h e  
MHD channel uvder cons ide ra t ion ,  and t o  have an 
a r b i t r a r y  i n i t i a l  va lue  in s ide  t h e  channel. The 
boundary and i n i t i a l  condi t ions  may t h e r e f o r e  
be  w r i t t e n  a s  fo l lows :  

I.C. P ' ( x , O ) = P 1 ( x ) , T ' ( x , O ) = T I ( x ) ,  
( 9 )  

-w1(x,0) = ul(x) 

The i n i t i a l  condi t ions  a r e  r e s t r i c t e d  t o  

funct ions  which vanish  a t  t h e  boundaries,  2
W ,  

and a r e  abso lu t e ly  i n t eg rab le .  The e f f e c t  of 
so lv ing  the  problem on an i n f i n i t e  domain is t o  
r e s t r i c t  t he  s o l u t i o n  t o  only one pass  of t h e  
wave through t h e  gene ra to r .  Because of t h e  wave 
na tu re  of t h e  s o l u t i o n s ,  t he  s o l u t i o n s  t o  t h e  
i n f i n i t e  domain problem and f i n i t e  domain problem 
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a r e  i d e n t i c a l  u n t i l  such time a s  a  wave reaches 
a  boundary. The s o l u t i o n  on t h e  i n f i n i t e  domain 
does no t  account f o r  r e f l e c t i o n  a t  t h e  boundaries 
t h a t  would r e s u l t  i n  an a c t u a l  f a c i l i t y .  

U t i l i z i n g  Eqs. (8  & 9 ) ,  t he  Eqs. (1-3) a r e  
f i r s t  Four i e r  transformed, then Laplace t rans-  
formed t o  y i e l d  t h e  l i n e a r  a l g e b r a i c  system, 

( a .  - S c . . )  ! = b i ,  (10)
l j  0 1 2  J 

where 

denotes t h e  dcubly-transformed pe r tu rba t ion  
q u a n t i t i e s .  

The c o e f f i c i e n t s  a i j  and b i  a r e  not  
dependent on t h e  e l e c t r i c a l  conf igura t ion  of 
the  genera tor .  The c i j  i nc lude  t h e  e f f e c t s  
of magnetic i n t e r a c t i o n ,  and a r e  found by 
per turbing t h e  s t eady- s t a t e  MHD terms i n  Eqs. 
1-3. A genera l  method f o r  determining these  
c o e f f i c i e n t s  and t h e  s t eady- s t a t e  genera tor  
performance is developed i n  [16] .  

The l i n g a r  zystem, Eq, (10) can be  e a s i l y  
solved f o r  F '  , "T , and "u . I n  p r i n c i p l e ,  
these  express ions  can be inve r t ed  by contour 
i n t e g r a t i o n  i n  t h e  s- and T- complex p lanes ,  but 
an informat ive  and use fu l  s o l u t i o n  can be 
obtained when t h e  i n t e r a c t i o n  parameter,  So, i s  
small .  I n  gene ra l  t h e  double transforms can be 
inver ted  t o  y i e l d  

The fk(Ak) a r e  funct ions  of t h e  poles  of t h e  
determinant of Eq. [ l o ] ,  Ak, and t h e  i n t e g r a t i o n  
r ep re sen t s  t h e  i nve r s ion  of t he  Four i e r  Trans- 
form. 

When So = 0 ,  t h e  \ a r e  Ei.ven by 

where t h e  Ck a r e  t h e  normalized wave speeds,  

where 

The r e s u l t  of t he  i nve r s ion  when So = 0 thus  
gives undamped t r a v e l i n g  waves wi th  t h e  veloci -  
t i e s  given by the  Ck. This i s  t he  normal 
acous t i c  r e s u l t .  (For opera t ing  MHD f a c i l i t i e s ,  
po a 1.02. Thus t h e  e f f e c t  of permi t t ing  
v a r l a b l e  molecular weight i s  t o  s l i g h t l y  a l t e r  
the  wave speeds of t h e  upstream and downstream 
moving acous t i c  waves.) Reca l l i ng  t h a t  t h e  
speeds a r e  normalized on t h e  son ic  ve loc i ty ,  a,, 
one s e e s  t h a t  C1,2 correspond t o  waves wi th  

v e l o c i t i e s  uo + ao, and t h a t  C3 i s  a convec-
t i v e  wave wi th  a r e a l  v e l o c i t y  u . 

Now, a pe r tu rba t ion  due t o  magnetic i n t e r -  
a c t i o n  is allowed i n  t he  % of t h e  form 

It  i s  seen t h a t  t h e  ~k r ep re sen t  pe r tu rba t ions  
i n  t h e  wave speeds ,  and t h e  represent  
exponent ia l  growth f a c t o r s  [exp(So6kt) ] ,  i f  they 
a r e  pure ly  r e a l .  Making t h i s  s u b s t i t u t i o n  f o r  
t h e  Ak i n  Eq. (12) and comparing terms of 
s i m i l a r  order  gives t h e  r e s u l t s :  

1. 	 E~ = E~ = E~ = 0 (17) 

There is  no f i r s t  order  pe r tu rba t ion  t o  t h e  
wave speeds .  

2. 	 For t h e  growth f a c t o r s ,  t h e  6k a r e  a l l  
pure ly  r e a l  funct ions  o f  t h e  coe f f i c i en t s  
i n  Eq. [ 101. Hence, a  p o s i t i v e  value f o r  
t h e  i n d i c a t e s  wave growth, a  negat ive  
value  i n d i c a t e s  a t t enua t ion .  Using these  
values  f o r  t h e  Ek and 6k: Eq. (12) can be ,  
evaluated  t o  g ive  t h e  s o l u t ~ o n s  t o  lowest 
o rde r  i n  

So' 

fwhere t h e  aojk a r e  given i n  Table 2 .  Each 
of t h e  t h r e e  53 , c o n s i s t s  of t h ree  
independent traveling waves, t r ave l ing  with 
t h e  v e l o c i t i e s  given by t h e  Ck, with t he  
i nd ica t ed  exponent ia l  growth f a c t o r .  The 
i n i t i a l  amplitudes a r e  a l i n e a r  combination 
of t h e  i n i t i a l  condi t ions .  For s imp l i c i t y ,  
t h e  f i r s t  order  e f f e c t s  i n  t h e  i n i t i a l  
amplitudes have been neglec ted  a s  higher 
order  wi th  r e spec t  t o  t h e  a:.k terms, 
cons i s t en t  wi th  t h e  approxima$ion. De ta i l s  
of t hese  f i r s t  order  terms have been calcu- 
l a t e d  sepa ra t e ly  1161. 

A s  S goes t o  zero ,  t h e  normal acous t i c  
s o l u t i o n s o a r e  recovered from Eq.  (10). The 
p r i n c i p a l  e f f e c t  of t h e  magnetic i n t e r a c t i o n  i s  
t o  add an exponent ia l  growth term t o  t h e  so- 
l u t i o n .  Observe t h a t  t h e  growth f a c t o r  i s  t he  
same f o r  a l l  waves which move a t  t h e  same wave 
speed. Figure  2  shows schemat ica l ly  t h e  pro- 
pagat ion  of t h e  p re s su re ,  temperature,  and 
v e l o c i t y  waves r e s u l t i n g  from a  d is turbance  i n  
t h e  dependent v a r i a b l e s  a t  one common locat ion .  
It i s  observed from the  aEjk t h a t  t h e  i n i t i a l  
tempera ture  d is turbance  does n o t  cont r ibute  t o  
t h e  p re s su re  and v e l o c i t y  waves. The temperature 
waves which t r a v e l  with t h e  P '  and u' waves 
a r e  i s e n t r o p i c  i n  normal acous t i c s .  Only the  
temperature wave moves wi th  t h e  f l u i d  ve loc i ty .  
Th i s  wave is  o f t en  c a l l e d  t h e  entropy wave i n  
normal a c o u s t i c s  because ent ropy is convected 
wi th  t h i s  wave. 
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111. Quas i -0ns -Dimens innd  E l e c t r i c a l  >lode1 

The p e r t u r b a t i o n  a n a l y s i s  i s  e s p e c i a l l y  
s u i t e d  t o  f a c i l i t i e s  o f  weak i n t e r a c t i o n ,  
i n c l u d i n g  l a b o r a t o r y  s c a l e  g e n e r a t o r s  o r  l a r g e r  
g e n e r a t o r s  o p e r a t i n g  a t  low c u r r e n t  d e n s i t i e s .  
I n  o r d e r  t o  c h a r a c t e r i z e  t h e  e l e c t r i c a l  p e r -  
formance of such  f a c i l i t i e s  a quasi-one-
d imens iona l  model of t h e  g e n e r a l  e l e c t r i c a l  
c o n f i g u r a t i  n  of an NHD g n e r a t o r  h a s  been 
deve loped ,  T l 6 !  which i n c l u d e s  a r b i t r a r y  a x i a l  
and t r a n s v e r s e  l o a d  c i r c u l t s  w i t h  p o s s i b l e  
c u r r e n t  augmentat ion and t h e  e f f e c t s  of  boundary 
l a y e r s  and n e a r  e l e c t r o d e  v o l t a g e  d r o p s ,  a s  
shown i n  F ig .  1. The mode ls '  p r e d i c t i o n s  of  
s t e a d y - s t a t e  performance a r e  p e r t u r b e d  f o r  s m a l l  
p r o p e r t y  d i s t u r b a n c e s ,  i n  o r d e r  t o  de te rmine  t h e  
c o e f f i c i e n t s  c . .  i n E q .  ( 1 0 ) .
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Impor tan t  a ssumpt ions  of t h e  model i n c l u d e  
i n f i n i t e l y - f i n e  segmenta t ion ,  slor: v a r i a t i o n  i n  
t h e  a x i a l  p r o p e r t i e s ,  and t h a t  t h e  d i r e c t i o n  of 
t h e  c u r r e n t  i s  c o n s t a n t  i n  t h e  c o r e  r e g i o n  of 
t h e  channe l .  The l a t t e r  a ssumpt ion  e v i d e n c e s  
i t s e l f  i n  2 0  c a l c u l a t i o n s ,  even w i t h  f i n i t e  
segmenta t ion  [ 8 ] .  The a n a l y s i s  shows t h a t  t h e  
boundary l a y e r  v o l t a g e  d rops  can be regarded  a s  
e f f e c t i v e  r e s i s t a n c e s  i n  t h e  l o a d  c i r c u i t s ,  
which can be c a l c u l a t e d  from a  model of e l e c t r i -
ca l  model of e l e c t r i c a l  c o n d u c t i v i t y  i n  t h e  boundary 
layer o r  deduced f r o m v o l t a g e d r o p  d a t a .  The s u i t a -  
b i l i t y  of t h e  e l e c t r i c a l  model t o t k  Stanford >I2 f a c i l i -  
t y  was a s s e s s e d b y c o m p a r i n g p r e d i c t i o n s  of Faraday  
c u r r e n t  wi th  t h e  measurements of Bar ton  [ l c l ] .  
Vol tege  drop d a t a  s i m u l t a n e o u s l y  recorded  on 
i n t e r n a l  v o l t a g e  p i n s  a l l o w  c a l c u l a t i o n  of t h e  
boundary l a y e r  r e s i s t a n c e .  P r e d i c t e d  and 
exper imenta l  c u r r e n t  d e n s i t i e s  f o r  r e p r e s e n t a t i v e  
I42 o p e r a t i n g  c o n d i t i o n s  a g r e e  w e l l ,  a s  shown i n  
F i g u r e s  3a and 3b. To some e x t e n t  t h e  agreement  i s  
expec ted  because  o f t h e  u s e  of e x p e r i m e n t a l  d a t a  f o r  
t h e  boundary l a y e r  v o l t a g e  d r o p s ,  b u t  t h e s e  v o l t a g e  
drops can r e p r e s e n t  on ly  a s m a l l  f r a c t i o n  of t h e  
t o t a l  t r a n s v e r s e  load  r e s i s t a n c e ,  w h i c h  c o n t r o l s  
t h e  c u r r e n t  l e v e l .  At low e x t e r n a l l o a d  f a c t o r s  
t h e  b o u n d a r y l a y e r  r e s i s t a n c e s  a r e  20-50% of  t h e  
t o t a l ,  depending onMachnumber , and a t  h i g h e r  l o a d  
f a c t o r s  t h e y  a r e  much lower .  

I V .  Wave Growth R a t e s  

The good agreement between t h e o r y  and 
experiment  f o r  t h e  c u r r e n t  d e n s i t i e s  p r o v i d e s  a 
b a s i s  f o r  u s i n g  t h e  non- idea l  t h e o r y  t o  a l s o  
p r e d i c t  wave growth r a t e s  i n  t h e  M-2 f a c i l i t y .  
For  c o n d i t i o n s  t y p i c a l  of t h e  M-2 c h a n n e l ,  t h e  
p e r t u r b a t i o n  a n a l y s i s  i s  w e l l  s u i t e d  f o r  de- 
t e r m i n i n g  wave growth r a t e s  i n  t h e  M-2 f a c i l i t y .  
Exper imenta l  o b s e r v a t i o n s  of waves i n  t h e  M-2 
channe l  s u p p o r t  t h e  c o n j e c t u r e  t h a t  t h e  waves 
a r e  on ly  weakly d i s t u r b e d .  Growth r a t e  p re -  
d i c t i o n s  were made f o r  e a c h  of  t h e  t h r e e  wave 
t y p e s  f o r  t h e  Faraday c o n f i g u r a t i o n  w i t h  v o l t a g e  
augmenta t ion  i n  t h e  t r a n s v e r s e  l o a d  c i r c u i t  of 
120v and 240v, and f o r  a  range  of  Mach numbers. 

Wave growth r a t e s  f o r  one p a s s  th rough  t h e  
S t a n f o r d  !f-2 channe l  a r e  p r e d i c t e d  a s  a  f u n c t i o n  
of  e x t e r n a l  l o a d  f a c t o r  w i t h  Mach number a s  a  
pa ramete r .  The e x t e r n a l  l o a d  f a c t o r  i s  t h e  l o a d  
f a c t o r  t h a t  would e x i s t  i n  an i d e a l i z e d  f a c i l i t y  
( i . e .  w i t h o u t  boundary l a y e r  v o l t a g e  d r o p s ) ,  a s  

d e t e r m i n e d  by t h e  e x t e r n a l  l o a d  r e s i s t o r s .  The 
i d e a l  l o a d  f a c t o r  i s  z e r o  w i t h  s h o r t  c i r c u i t  
a c r o s s  t h e  e l e c t r o d e s  and u n i t y  a t  open c i r c u i t  
Here  

1. 	 Downstream moving waves ( speed  Mo + ]lo), 
F i g s .  4a and 4b. 

For  b o t h  v a l u e s  of  v o l t a g e  a u g m e n t a t i o n ,  
l i t t l e  change would b e  o b s e r v e d  i n  t h e  down- 
s t r e a m  waves.  At h i g h e s t  a u g m e n t a t i o n ,  a 
maximum 1%growth  i s  o b s e r v e d  a t  h i g h e r  l o a d  
f a c t o r s ,  and a  maximum 5% a t t e n u a t i o n  a t  
a c h i e v a b l e  c u r r e n t  l e v e l s  a t  lower  l o a d  
f a c t o r s .  (The maximum c u r r e n t  d e n s i t y  i s  
about  1 . 5  ~ r n p s / c m ~ .  Above t h i s  l e v e l ,  
s i g n i f i c a n t  e r o s i o n  o f  t h e  e l e c t r o d e s  o c c u r s ) .  
These s m a l l  g rowth  r a t e s  a r e  b e l i e v e d  t o o  
s m a l l  t o  measure  i n  t h e  M-2 f a c i l i t y .  

2. 	 Upstream moving waves (Speed Mo + u 0 ) ,  
F i g s .  5 a  and 5b.  

A t  b o t h  l e v e l s  o f  a u g m e n t a t i o n ,  t h e  u p s t r e a m  
moving waves a t t e n u a t e  more t h a n  t h e  down- 
s t r e a m  moving waves b e c a u s e  of l o n g e r  
r e s i d e n c e  t ime  i n  t h e  channe l .  Over t h e  
r a n g e  o f  a c h i e v a b l e  c u r r e n t  d e n s i t y  l e v e l s ,  
5 - 15% a t t e n u a t i o n  is p r e d i c t e d ,  w i t h  t h e  
l a r g e r  v a l u e s  c o r r e s p o n d i n g  t o  t h e  h i g h e r  
Mach numbers .  

3. 	 Convec t ive  ( e n t r o p y  waves )  (Speed Mo) , 
F i g s .  6a and 6b. 

With 120v  a u g m e n t a t i o n ,  a s  much a s  20% 
a t t e n u a t i o n  i s  o b s e r v e d  i n  t h e  e n t r o p y  waves.  
With 240v a u g m e n t a t i o n ,  30-80% a t t e n u a t i o n  
is p r e d i c t e d  a t  a c h i e v a b l e  c u r r e n t  l e v e l s ,  
w i t h  t h e  h i g h e r  v a l u e  c o r r e s p o n d i n g  t o  lower  
Xach numbers where t h e  wave r e s i d e n c e  t i m e  
i s  l o n g e r .  T h e s e  l e v e l s  of  a t t e n u a t i o n  
s h o u l d  b e  o b s e r v a b l e  i n  t h e  ?1-2 F a c i l i t y .  

The v a l u e s  o f  t h e  wave growth r a t e s  c a l c u -
l a t e d  a s  d e s c r i b e d  above ,  d i f f e r  c o n s i d e r a b l y  
from i d e a l i z e d  v a l u e s  o b t a i n e d  by n e g l e c t i n g  t h e  
boundary l a y e r  d r o p s .  F i g u r e  7 shows growth  
r a t e s  f o r  t h e  c o n v e c t e d  wave w i t h  240v augmen- 
t a t i o n  w i t h o u t  a c c o u n t i n g  f o r  boundary l a y e r  
l o s s e s .  I n  t h i s  c a s e  t h e  t h e o r y  p r e d i c t s  t h a t  
t h e  convec ted  waves i n  a segmented Faraday  
g e n e r a t o r  a r e  a l w a y s  a m p l i f i e d  when t h e  p lasma  
r e s i s t a n c e  i s  l e s s  t h a n  t h e  l o a d  r e s i s t a n c e  
( l o a d  f a c t o r  of  0 . 5 ) .  

Because of t h e  l i m i t a t i o n s  of  t h e  p e r t u r -  
b a t i o n  a n a l y s i s ,  which c o n s i d e r s  t h e  e f f e c t s  of  
weak m a g n e t i c  i n t e r a c t i o n ,  t h e  p roposed  t h e o r y  
h a s  o n l y  a l i m i t e d  a p p l i c a t i o n  t o  l a r g e  f a c i l i -  
t i e s  [ 1 8 ] .  However, i f  waves i n  a  l a r g e  f a c i l i t y  
i n c r e a s e  a t  t h e  i n i t i a l  r a t e s  p r e d i c t e d  by t h e  
p r e s e n t  t h e o r y ,  t h e y  would e x p e r i e n c e  s i g n i f i c a n t  
g rowth ,  a s  a l s o  p r e d i c t e d  by o f  Bar ton .  I n  
p roposed  MHD f a c i l i t i e s ,  t h e  r e s i s t i v e  v o l t a g e  
d rops  may b e  s m a l l  compared t o  t h e  p lasma  c o r e  
r e s i s t a n c e ,  b e c a u s e  of h o t  s l a g  l a y e r s  and J o u l e  
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h e a t i n g ,  and these  genera tors  may t h e r e f o r e  be 
more s u s c e p t i b l e  t o  magneto-acoustic i n t e r a c t i o n  
and wave growth. 

V .  Conclusions 

P red ic t ions  of magneto-acoustic i n s t a b i l i -
t i e s  a r e  s t r o n g l y  a f f e c t e d  by the  e l e c t r i c a l  
r e s i s t a n c e  i n  e l e c t r o d e  boundary l aye r s .  The 
a p p l i c a t i o n  of a new magneto-acoustic model, 
which inco rpo ra t e s  t hese  e f f e c t s  sugges ts  t h a t  
wave growth r a t e s  a r e  g r e a t l y  reduced when t h e  
boundary l a y e r  r e s i s t a n c e s  a r e  comparable i n  
magnitude t o  t h e  r e s i s t a n c e  of t h e  plasma co re ,  
which i s  t y p i c a l l y  only a few ohms. I n  small  
f a c i l i t i e s ,  t h e  model p r e d i c t s  t h a t  waves might 
exper ience  smal l  but  not  i n s i g n i f i c a n t  amounts 
of a t t e n u a t i o n ,  where i d e a l  t h e o r i e s  have pre- 
d i c t e d  some ampl i f i ca t ion .  

An exper imenta l  program i s  continuing t o  
s tudy  these  e f f e c t s  by temporally resolved 
measurements of vo l t age ,  c u r r e n t ,  p r e s su re ,  and 
luminosi ty  d i s tu rbances  a s soc i a t ed  with s i n g l e  
wave pulses .  

An e f f i c i e n t  method of c r e a t i n g  d i s t i n c t  
s i n g l e  wave pu l se s  w i th in  a MHD genera tor  by 
d ischarging a charged capac i to r  through e x i s t i n g  
e l e c t r o d e s  has  been modelled and a l s o  confirmed 
exper imenta l ly .  
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Table 1. Normalized Var iables  Introduced i n  
the  Magneto-Acoustic Analysis 

'0': i n t e r a c t i o n  parameter so = -poao ' (pe r tu rba t ion  v a r i a b l e )  

M = Mach number 

L = Generator a x i a l  length  
-
J = J / a a B

Y y 0 0 0  

fTable 2. Coe f f i c i en t s  f o r  Eq. 18, t h e  a
Ojk 

Fig.  1 A r e p r e s e n t a t i o n  of t he  MHD genera tor  
used i n  t he  non-ideal quasi-one-dimensional model 
w i th  genera l ized  e l e c t r i c a l  connections and 
boundary l a y e r s .  

Fig.  2 A schematic r ep re sen ta t ion  of propa-
ga t ion  of t h e  t h r e e  waves (M +po,M,) f o r  each 
of t h e  dependent v a r i a b l e s  P'; TI, and U' a t  
some time t > O .  Shaded pulses  r ep re sen t  i n i t i a l  
condi t ions  of each wave a t  t h e  same loca t ion .  
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(a) VBs = 120 V 	 (b) VBs = 240 V 


Fig. 3 	Comparison of the data of Barton (circles) and predictions of the 
quasi-one-dimensional model for the transverse current density in a 
Faraday generator Mo = 0.3. Error bars reflect the uncertainty in 
voltage drop measurements and boundary layer thickness. 

(a) VBs = 120 v 	 (a) VBs = 120 V 


(b) VBs = 240 V 	
Cb) VBe = 240 V 


Fig. 4 Predicted wave growth for a downstream Fig. 5 Predicted wave growth for an upstream 


moving acoustic wave traveling the length of moving acoustic wave traveling the length of 

the Stanford M2 facility, Faraday configuration. the Stanford M2 facility, Faraday configuration. 
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(a) VBs = 120 V 

0.0 0.2 0.U 0 . 6  0.8 1.0 
EXTERNAL LORD FACTOR 

Fig.  6 Predicted wave growth f o r  a convected 
(entropy) wave t r ave l ing  t h e  l eng th  of t h e  
Stanford M2 f a c i l i t y ,  Faraday conf igura t ion .  

Fig.  7 P red ic t ed  wave growth f o r  a convected 
(ent ropy)  wave t r a v e l i n g  t h e  l eng th  of t h e  
Stanford  M2 f a c i l i t y  u s ing  an i d e a l i z e d  e l e c t r i -  
c a l  model w i th  240 V augmentation i n  t h e  Faraday 
conf igu ra t ion .  ( c f .  F igu re  6b). 
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