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ABSTRACT 

The effect of cathode wall nonuniformities on the electrical perform­
ance of Faraday loaded generators is modeled analytically. An approximate 
three-dimensional model is formulated to determine the distributions of the 
electrical variables within the MHD channel in the presence of cathode non­
uniformities. Nonuniformities in this model are treated as a coarser re­
segmentation of the cathode wall. The electrical model is described and 
the calculated results are compared with experimental data. 

INTRODUCTION 

Cathode nonuniformities appear in MHD generators operating with slag-laden 
flows. These nonuniformities originate at the cathode wall when groups of elec­
trodes are shorted by electrically polarized slag coatings.1,2 The cause of the 
elevated slag conductivity is thought to be potassium or iron and iron oxide com­
pounds driven into the cathode wall slag layer by the electric field within the 
channel.3 The resulting change in the effective segmentation of the cathode wall 
causes a few insulator gaps to sustain the total Hall voltage of the generator. 
Normally, in the absence of cathode nonuniformities, this accumulated Hall voltage 
would divide approximately equally over all the cathode interelectrode gaps. 

A typical interelectrode voltage distribution on the cathode wall of an Avco Mk 
VI channel is shown in Fig. 1. The particular data is obtained from an experiment 
using ash from a western U.S.A. coal. In the mid-channel region typically five to 
six cathode electrodes are electrically shorted. These shorted electrodes are sepa­
rated by high voltage gaps which may be free of slag coating because of Joule dis­
sipation from the Faraday current concentration at the downstream edge of the 
shorted group. Under similar experimental conditions but using eastern U.S.A. ash, 
the shorted groups involve typically three to four electrodes.4 

The cathode nonunifonnities are relatively steady. Over time the location of 
the high voltage gap may shift in the streamwise direction by one or more electrode 
pitches. Depending on the experimental conditions, the characteristic time of this 
phenomena is of the order of one to ten minutes. 

These cathode wall nonunifonnities can cause faults in diagonally loaded MHD 
generators (both diagonal conducting wall and diagonally connected) and drastically 
reduce the channel lifetimes. For this reason current control circuits are being 
developed for diagonally connected generators.5 Cathode nonuniformities do not 
appear to be as destructive in segmented Faraday operation.6 However, they do 
alter the electrical characteristics within the channel and may reduce the perform­
ance of the generator. In this paper, an approximate three-dimensional electrical 
model is formulated to study the effects of these cathode wall nonunifonnities on 
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the internal electrical characteristics of Faraday generators. The electrical model 
has been incorporated into an MHD design and prediction computer code? in order to 
assess the effects of nonunifonnities on overall generator perfonnance. 

The effects of cathode nonunifonnities can be modeled by arbitrarily increasing 
the slag layer electrical conductivity to account for slag polarization. However, 
such an analytical approach can predict very large axial leakage currents which are 
not supported by experimental results.4 The approach of this paper is to model 
the slag polarization/cathode nonunifonnity effects as a change in the effective 
segmentation of the cathode wall. 

APPROXIML\TE FINITE-ELEMENT ELECTRICAL MODEL 

An integral technique has been formulated to determine the distributions of the 
electrical variables within the MHD channel with a slag shorted cathode wall. 
Instead of solving Maxwell's equations exactly throughout the calculational domain, 
approximate solutions of the electrical variables are sought. These solutions are 
obtained from a closed set of equations which resulted from the description of the 
Faraday load connection and from the integration (averaging) of model electrical 
distributions across various finite regions. The finite element regions, as shown 
in Figs. 2 and 3, are fanned by subdividing the calculational domain into various 
boundary layers, slag layers and core flow regions. The distributions of the 
electrical variables in these regions are detennined such that the Ohm's law and 
certain additional electrical boundary conditions are satisfied. 

In the electrode wall regions, a blending function approach8 is used to pre­
scribe the transverse variations of Hall field and Faraday current density. The 
lengths LEc and Lie define distances outward from the cathode electrode walls 
over which the Ex above the conducting segments and the Jy above the insulating 
segments build up to their respective 11 core 11 values. Corresponding anodic lengths 
are denoted by LEA and LIA· For example, above the cathode insulators, 

J (x ,y) = J (x) <Pie (y) 
Y1c Ye 

and above the conductors, 

EXEC (x,y) = Exe (x) ¢EC (y) 

The ¢ 1 s are matching functions having the following properties: 

¢1c(O) = ¢Ec(O) = 0 

¢1c(L1c) = ¢Ec(LEc) = 1. 

Equation (3a) ensures that Jy vanishes on the surface of an insulator and Ex 
vanishes on the surface of a conductor. Equation (3b) ensures that Jy and Ex 
approach their core values at the edges of the electrical boundary layers. From 
periodicity and current conservation arguments, Exie and JyEC can be approxi­
mated as: 

{1 + 
N(i. + £ ) - ,Q,. 

[ l - ¢EC {y) J} E (x' y) E (x) 1 e 1 
2! 

XIC XC ,Q,. 
1 

and 

JY (x) {i 
,Q,. 

[l - ¢1c(y)J} J (x ,y) + 1 
!: 

N(ii + ie) YEC - ,Q,. 
c 1 
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where te and ti refer to the conductor and insulator axial dimensions and N is 
the number of cathode conductor segments shorted by polarized slag. Similar expres­
sions can be obtained for the anode wall regions by setting N equal to 1 and re­
placing subscripts IC by IA and EC by EA in the above equations. The remaining 
current densities and electric fields in the electrode wall regions are determined 
from the above model distributions and the Ohm's law, given the velocity, conduc­
tivity and Hall parameter distributions through the boundary layers. Proper values 
for the L's as functions of s, pitch-to-height ratio, boundary layer thickness, 
etc., are established from a two-dimensional electrical model.9 

The sidewalls of the MHD generator are assumed to be electrically insulating so 
the core electric field can be imposed on the sidewall boundary layer regions: 

E Exe (x) 
xsw (6) 

and 

E =E (x). 
Ysw Ye ( 7) 

The current densities can then be determined from Ohm's law and the gasdynamic and 
electrical parameters through the sidewall boundary layers: 

J - -
0

- l(l + S Sc) E 
xsw - 1 + s2 xc 

s(l + s 
2
) I ___ c_ J + So(u - u )B 

crc Ye c 
(8) 

and 

( 9) 

The possibility of velocity overshoots in these boundary layers has also been taken 
into account. 6 

For the corner flow regions shown in Fig. 3, the following assumptions are made: 

JY (x,y,z) = JY (x,z) 0IA(y) 
CRA SW (10) 

E (x,y) = E (x,y) 
XCRA XIA ( 11) 

J (x,y,z) = J (x,z) 01C(y) 
YcRc Ysw (12) 

and 
E (x,y) Ex (x,y) 

xCRC IC ( 13) 

The current density assumptions preserve current conservation. The electric field 
assumptions are consistent with electrode wall and sidewall boundary layer fields. 
The variations of the remaining electrical variables in the corner regions are 
determined from Ohm's law. 
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The distributions of the electrical variables in the slag layers are determined 
from electrical conditions imposed from the boundary layer regions immediately above 
the slag layers. For the slag layers on electrode walls, values of axial electric 
field and transverse current density are imposed from the regions above. For the 
slag layers on the sidewalls, the axial and transverse fields are imposed. The re­
maining group of electrical variables are established from the slag layer Ohm's law. 

The expressions for the electric fields and current densities can be integrated 
(averaged) in their respective regions given a suitable form of the blending func­
tions, ¢. The averaged value of electric fields and current densities obtained in 
this manner for the various regions have been listed in Appendix A for reference. 

Several assumptions are made in the evaluation of the averaged axial current 
density in the corner flow regions. They are: 

and 

where the corner averages of a and s are computed as: 

<f>sw <f>ele. wall 

fcore 

(14) 

(15) 

(16) 

Values of averaged slag conductivity are also assumed in the electrical model. 
Values of anode wall slag conductivity, <cr>sEW, and sidewall slag conductivity, 
<a>ssw, are typically chosen to be from 0.2 mho/m to as high as 40 mho/m (Ref. 4) 
to represent conductivities of non-polarized slag. Current transport by means of 
concentrated arcs can be modeled by assuming the transverse slag conductivity, 
<l/o>sEW, equals zero, i.e., no transverse diffuse current. For situations where 
slag is completely burnt off from the high voltage cathode insulator gap, the 
cathode wall slag gap conductivity, <o>scw, equals zero. For cases where partial 
slag coverage remain over the cathode gap, a finite value of <a>scw is assigned. 

To solve the electrical components in the different finite regions, the loading 
conditions implied by the Faraday connection must now be imposed. These two Faraday 
conditions are: 1) the net axial current through a cross-sectional plane cutting 
through the electrode insulators (the plane depicted in Fig. 3) equals zero, and 
2) the external voltage between the shorted cathode segment and an anode conductor 
must be equal to the sum of the internal voltage drops. The expressions resulting 
from the application of the loading conditions are listed in Appendix B. These two 
equations, along with the Ohm's law for the core flow region, form a closure for the 
core electrical solution. The electrical variables in all the other finite regions 
can be then determined once the core fields and current densities are known. 

APPLICATION OF THE ELECTRICAL MODEL 

The electrical model described in the previous section has been used to investi­
gate the effects of cathode slag shorts on the local electrical characteristics in 
an Avco Mk VI generator. Results showing the sensitivities to model assumptions 
will now be discussed. The approximate e l ectrical model has also been incorporated 
into a generator design and perfonnance prediction code. Preliminary results of the 
perfonnance prediction for a Mk VI generator will also be reported. 
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The sensitivity of the electrical solution to the length LEc was investigated 
and the results for different assumed functional fonns of characteristic lengths are 
shown in Fig. 4. The variation of the electrical variables in the core region is 
shown for different numbers of slag shorted cathodes. The results are obtained for 
the mid-channel conditions of the Mk VI generator. The solid lines are the results 
assuming LEC is proportional to the "effective conductor length": 

(17) 

and the dash lines are for results assuming: 

(18) 

The constant of proportionality, k, has been arbitrarily selected to be 0.15 in the 
present illustration. The strong dependence of the results on the assumed fonns of 
L's indicate the importance of proper selections of the various characteristic 
lengths. This strong dependence motivated a two-dimensional investigation on the 
functional dependence of the characteristic lengths which is discussed in a separate 
paper.9 

Results from the two-dimensional current stream function solver were used to 
estimate values for the characteristic lengths LEc, Lie, LEA and LIA· These 
lengths are detennined by integrations of the two-dimensional electrical results and 
linear definitions of the blending functions ¢E and ¢1 such that the integrals 
of the two-dimensional profiles equal the integrals of the linear distributions. 
Figure 5 shows the results of the present electrical model obtained by using those 
values of characteristic lengths that have been detennined with the aid of the two­
dimensional results. In the absence of cathode will nonuniformities {N = 1) and 
under the particular generator operating condition, there is practically no axial 
current at the mid-channel location of the generator. However, as the number of 
slag shorts increases, the flow of axial current in the generator also increases. 
The downstream flow of axial current is primarily through the core and sidewall 
boundary layer regions. The return path for this axial current is mainly through 
the cathode boundary layer region. The corresponding decrease in the magnitudes of 
the other electrical variables as the axial currents increase is also shown in Fig. 
5. 

The electrical conductivity of nonpolarized slag can vary significantly 
depending on the slag conditions and composition. The electrical model was used to 
investigate the effect of averaged slag conductivity [<o>sEW and <cr>ssw] on the 
local electrical characteristics of a Mk VI generator. The results are shown in 
Fig. 6 for both with (N = 5) and without (N = 1) cathode wall nonuniformity 
effects. Typically, the conductivity of unseeded nonpolarized slag is 0.2 to 4 
mho/meter. As seed is absorbed, the values for nonpolarized slag can increase to 20 
to 40 mho/m. The reduction in the slag layer impedance and the attendant increase 
in axial leakage current will lower the magnitudes of the other electrical 
variables, as can be seen in Fig. 6. 

The finite-element electrical model has been incorporated into the AERL gener­
ator design and perfonnance prediction code. Because of the nature of the electri­
cal model, the generator performance degradations caused by cathode nonuniformities 
appear as segmentation losses. The results of the generator perfonnance predictions 
for a Mk VI supersonic generator are shown in Table 1. With segmentation, agreement 
between analys;.s and data is relatively good without resorting to large electrode 
wall slag conductivities which are needed to achieve agreement using the infinite 
segmentation model. · In both the finite and infinite segmentation analyses the power 
is predicted high and the Hall voltage low. Further work with the two dimensional 
model9 should improve the finite segmentation results. 
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TABLE 1 

COMPARISON OF DATA AND RESULTS USING THE INFINITE SEGr-ENTATION MODEL 
AND THE PRESENT FINITE SE~ENTATION MODEL 

Mass Flow Rate (kg/s) 
N/0 
B ( T) 
Seed Flow Rate (percent) 
Slag Conductivity (mho/m) 
Electrical Power (kW) 
Ha 11 Vo l t age ( kV) 
Peak Electrode Current (A) 
Peak Axial Electric Field (V/m) 
Total Channel Heat Loss (MW) 

*Unmeasured 

DATA 

2.86 
0.6 
2.9 
1.0 
* 
315 

1.780 
9.0 

1400 
1.9 

SUMt-'lARY 

Q3D Finite 
Segmentation 

2.86 
0.6 
2.9 
1. 0 
2.0 
350 

1.67 
10.0 

1400 
2.1 

Infinite 
Segmentation 

2.86 
0.6 
2.9 
1. 0 

200.0 
354 

1.66 
10.0 

1176 
2.1 

An approximate three-dimensional electrical model has been developed for the 
purpose of predicting the effects of cathode wall nonuniformities on the internal 
electrical characteristics of Faraday generators. The cathode nonuniformities are 
treated in the model as a coarser resegmentation of the cathode electrodes. The 
electrical model is described in detail and some results showing the sensitivity to 
model assumptions are presented. 

The computational time requirement of the electrical model is significantly 
lower than that for the more exact three-dimensional models. 

The approximate electrical model has been incorporated into a generator design 
and performance prediction code. Comparisons were made between the predictions and 
experimental data from an Avco Mk VI generator run. Good agreements were obtained 
for both the integrated generator performance and the streamwise distributions of 
gasdynamic and elecrical variables. Further verifications with experimental data 
are in progress. 
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APPENDIX A 

The expressions for the averaged Faraday fields and 
averaged Hall current densities in the various regions 
shown in Figures Al and A2 are listed in this appendix. 

Cathode Wall Region~ 

Region Cl: 

(Al) 

J E { "" + N ( 1 + ~. ) ( "" )} < x>Cl = XC <opEC>Cl ~ i <o>Cl - <opEC>Cl 

where 

LIC 

<f>c1 £ ~ J f(y) dy 
IC 

0 

(A2) 

(A3) 

where 

Region C2 : 

6c 

<f>c2 = ~ J f(y) dy 
c IC L 

IC 

LEC 

: L 1 L J f(y) dy 
EC - IC L 

IC 

Region C3: 

1 + 8 2 
+ ___ c_ J + UcB 

oc ye 

1 + 2 
<B>c3 Exe + <--8-> J a C3 ye 

(A4) 

(A5) 

(A6) 

(A7) 

= <o>c3Exc-<B>c3Jyc if 6c> LEC (AS) 

'. where 

LEC 

<f>c3 = ~ J f(y) dy 
EC C 6 c 

(A9) 

f(y) dy 
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Region C4: 

1 + 82 i 
<E > J [<-o->c4 N( 1 + ~) 

Y C4 = ye £i 

(All) 

where 

(A12) 

Region C5: 

1 + a2 
<Ey>cs = <-o->cs Jyc -<atiEc>cs Exe + <U>cs8 (A13) 

where 

where 

(A15) 

Region C6: 

1 + B 
2 

<Ey>c6 = ~ Jyc - 8c <~Ec>c6 Exe 

(A16) 

if 6c < LEc 

(A17) 

if 6C > LEC 

(Al8) 

Anode Wall Regions 

Expressions for the averaged electric fields and 
current densities in regions Al to A6 can be obtained from 
the corresponding cathode wall expressions after setting N 
to 1 and replacing subscripts IC by IA and EC by EA. 

where 

Sidewall Boundary Layer Regions 

1 + B 2 
c 

<Ey>sw = -o-,- Jyc - 6c Exe + u,s 

1 + 2 _ < Bo > __ B_ J 
~SW oc ye 

+ B [<~> - U <-B_o_> J 
l + 

6
2 SW c l + 82 SW 

Corner Flow Regions 

Region CRCl: 

t 
0 

f( z) dz 

(Al9) 

(A20) 

(A21) 

<Jx>CRCl ~ <o>cRCl <Ex>c1 - <B>cRCl <Jy>sw <~Ic>c1 (A22 ) 

where 

(A23) 

Region CRC2: 

<Jx>cRC2 : <0 >cRc2 <Ex>c2 - <B>cRC2 <Jy>sw (A24 l 

where 

(A25) 

Region CRC3: 

<Jx>cRC3 = <o>cRC3 <Ex>c3 - <B>cRC3 <Jy>sw (A26 l 

where 

(A27) 

Expressions for the averaged electrical variables in 
regions CRAl - CRA3 can be obtained from the corresponding 
cathode corner expressions with appropriate changes in the 
subscripts. 
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Sla9 Layer Regions 

Region SCI: 

<Jx>sc1 <o >scw N(l + ~) E 
~ i xc (A28 ) 

Region SC2: 

<Ey>sc2 = 
1 + ~) Jyc <-;? sEw N( 1 

i i 
(A29) 

Analogous expressions apply to regions SAl and SA2. 

Region SCSC: 

<Jx>scsc <0 >ssw <Ex>cRc (A30) 

Region CCSC: 

<Jx>ccsc <o> sEw <Ex>cRCl (A31) 

Similar expressions apply to regions SASC and AASC. 

Jw _, 

lg~ z~ 

(' 
A2 

I 
I 
I 
I 
I 
I 
I 

CORE FLOW 

I 
I 
I 
I 
I 

Fig. Al Labeling of the Various Divisions 
in the Electrode Wall Regions 
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Fig. A2 Labeling of the Various Sub­
Divisions in the Corner Regions 

APPENDIX· B 

Faraday Connection: 

where 
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Va re = Arc Vo 1 tage Drop 

Kext ~ Load Factor 

Current Equation: 

1H = JxcAc + 2 <Jx>sw Asw + 2 <Jx>ssw Assw + <Jx>A1 AAl 

where 

A = H D c c c 

(82) 

4.8.12 

ACRC3 = 6SW (LEC - 6c> 

= 6sw 16c - LEc> 

IH = Leakage Hall Current 
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